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❝✐r❝✉✐ts ✉s✐♥❣ ❋P●❆s✱ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ ❢♦r ❛❝❝❡❧❡r❛t✐♥❣ ❞❛t❛✲ ❛♥❞
❝♦♠♣✉t❡✲✐♥t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ t♦ ❣❡t ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡ ✇❤❡♥ ♦❢✲
✢♦❛❞✐♥❣ ❝♦♠♣✉t❛t✐♦♥ ❦❡r♥❡❧s t♦ s✉❝❤ ❛♥ ❛❝❝❡❧❡r❛t✐♦♥ ♣❧❛t❢♦r♠✱ ✐t ✐s ♠❛♥❞❛t♦r②
t♦ r❡str✉❝t✉r❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ❝♦❞❡ ❛♥❞ t♦ ❣❡♥❡r❛t❡ ❛❞❡q✉❛t❡ ❝♦♠♠✉♥✐❝❛t✐♦♥
♠❡❝❤❛♥✐s♠s t♦ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✱ ✐✳❡✳✱ ❢♦r r❡♠♦t❡ ❛❝❝❡ss❡s✳ ■♥ ❛ ♣r❡✈✐♦✉s
r❡♣♦rt✱ ✇❡ s❤♦✇❡❞✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❤✐❣❤✲❧❡✈❡❧ s②♥t❤❡s✐s ✭❍▲❙✮ ♦❢ ❤❛r❞✲
✇❛r❡ ❛❝❝❡❧❡r❛t♦rs✱ ❤♦✇ t♦ ❞❡r✐✈❡ ❛♥ ♦♣t✐♠✐③❡❞ ♦r❣❛♥✐③❛t✐♦♥ ❢♦r ❛♥ ❛❝❝❡❧❡r❛t♦r
❝♦♠♠✉♥✐❝❛t✐♥❣ t♦ ❛♥ ❡①t❡r♥❛❧ ❉❉❘ ♠❡♠♦r②✳ ▲♦♦♣ t✐❧✐♥❣ ✐s ✉s❡❞ t♦ ❡♥❛❜❧❡
❜❧♦❝❦ ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ s✉✐t❛❜❧❡ ❢♦r ❉❉❘ ♠❡♠♦r✐❡s✳ P✐♣❡❧✐♥❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥
♣r♦❝❡ss❡s ❛r❡ ❣❡♥❡r❛t❡❞ t♦ ♦✈❡r❧❛♣ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡r❡❜②
❤✐❞✐♥❣ s♦♠❡ ❧❛t❡♥❝✐❡s✱ ✐♥ ❛ ✇❛② s✐♠✐❧❛r t♦ ❞♦✉❜❧❡ ❜✉✛❡r✐♥❣✳ ❋✐♥❛❧❧②✱ ❞❛t❛ r❡✉s❡
❛♠♦♥❣ t✐❧❡s ✐s ❡①♣❧♦✐t❡❞ t♦ ❛✈♦✐❞ r❡♠♦t❡ ❛❝❝❡ss❡s ✇❤❡♥ ❞❛t❛ ❛r❡ ❛❧r❡❛❞② ❛✈❛✐❧❛❜❧❡
✐♥ t❤❡ ❧♦❝❛❧ ♠❡♠♦r②✳
❚❤❡ ❣♦❛❧ ♦❢ t❤✐s r❡♣♦rt ✐s t♦ s❤♦✇ ❤♦✇ t♦ s♣❡❝✐❢② t❤❡ s❡ts ♦❢ ❞❛t❛ t♦ ❜❡ r❡❛❞
❢r♦♠ ❛♥❞ t♦ ❜❡ ✇r✐tt❡♥ t♦ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② s♦ ❛s t♦ r❡❞✉❝❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s
❛♥❞ r❡✉s❡ ❞❛t❛ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ✐♥ t❤❡ ❛❝❝❡❧❡r❛t♦r✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t②
✐♥ s✉❝❤ ❛ s♣❡❝✐✜❝❛t✐♦♥ ❛r✐s❡s ✇❤❡♥ s♦♠❡ ❞❛t❛ ❛r❡ ✭r❡✮❞❡✜♥❡❞ ✐♥ t❤❡ ❛❝❝❡❧❡r❛t♦r✱
❛♥❞ ❡✈❡♥ ✇♦rs❡ ✐♥ t❤❡ ❝❛s❡ ♦❢ ❛♣♣r♦①✐♠❛t✐♦♥s✱ ✇❤❡♥ s♦♠❡ ❞❛t❛ ♠❛② ❜❡ r❡❞❡✜♥❡❞
❜✉t t❤✐s ✐s ♥♦t s✉r❡✳ ❲❡ s❤♦✇ t❤❛t t❡❝❤♥✐q✉❡s ❜❛s❡❞ ♦♥ ♣❛r❛♠❡tr✐❝ ♣♦❧②❤❡❞r❛❧
♦♣t✐♠✐③❛t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❣❡♥❡r❛t❡ t❤❡ s❡ts ♦❢ ❞❛t❛ t♦ ❜❡ ❧♦❛❞❡❞ ✭r❡s♣✳ st♦r❡❞✮
❥✉st ❜❡❢♦r❡ ✭r❡s♣✳ ❛❢t❡r✮ ❡❛❝❤ t✐❧❡✳ ❆♥ ✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡ ✐s t❤❛t t❤❡ ❝❛s❡ ✇❤❡r❡
♥♦ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥❡❡❞❡❞ ❛♣♣❡❛rs ♥✐❝❡❧② ❛s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❣❡♥❡r❛❧
♣r♦❝❡❞✉r❡✳
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♣r♦❝❡ss❡s✱ ❉❉❘ ♠❡♠♦r②✱ ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦rs✱ ❍▲❙✳
∗ ❈♦♠♣s②s✱ ▲■P✱ ❯▼❘ ✺✻✻✽ ❈◆❘❙✱ ■◆❘■❆✱ ❊◆❙✲▲②♦♥✱ ❯❈❇✲▲②♦♥
❉é♣♦rt❛t✐♦♥ ❞❡ ♥♦②❛✉ ❞❡ ❝❛❧❝✉❧ ❛✈❡❝ ♦♣t✐♠✐s❛t✐♦♥
❞❡s ❛❝❝ès ❛✉① ❞♦♥♥é❡s ❞✐st❛♥t❡s
❘és✉♠é ✿
▲❡s ❛❝❝é❧ér❛t❡✉rs ♠❛tér✐❡❧s✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ✈✐❛ ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ●P●P❯s
♦✉ ❞❡ ❝✐r❝✉✐ts ❞é❞✐és s✉r ❋P●❆s✱ s♦♥t ♣❛rt✐❝✉❧✐èr❡♠❡♥t ✐♥tér❡ss❛♥ts ♣♦✉r ❛❝❝é❧é✲
r❡r ❧❡s ❛♣♣❧✐❝❛t✐♦♥s ❣♦✉r♠❛♥❞❡s ❡♥ ❝❛❧❝✉❧s ❡t ❡♥ ❛❝❝ès ❛✉① ❞♦♥♥é❡s✳ ❊♥ r❡✈❛♥❝❤❡✱
♣♦✉r ♦❜t❡♥✐r ❞❡ ❜♦♥♥❡s ♣❡r❢♦r♠❛♥❝❡s q✉❛♥❞ ♦♥ ❞é♣♦rt❡ ✉♥ ♥♦②❛✉ ❞❡ ❝❛❧❝✉❧ s✉r
✉♥❡ t❡❧❧❡ ♣❧❛t❡✲❢♦r♠❡ ❞✬❛❝❝é❧ér❛t✐♦♥✱ ✐❧ ❡st ✐♥❞✐s♣❡♥s❛❜❧❡ ❞❡ r❡str✉❝t✉r❡r ❧❡ ❝♦❞❡
❞❡ ❧✬❛♣♣❧✐❝❛t✐♦♥ ❡t ❞❡ ❣é♥ér❡r ❞❡s ♠é❝❛♥✐s♠❡s ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛❞éq✉❛ts ✈❡rs
❧❛ ♠é♠♦✐r❡ ❡①t❡r♥❡✱ ❝✬❡st✲à✲❞✐r❡ ♣♦✉r ❧❡s ❛❝❝ès ❞✐st❛♥ts✳ ❉❛♥s ✉♥ r❛♣♣♦rt ♣ré❝é✲
❞❡♥t✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré✱ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧❛ s②♥t❤ès❡ ❞❡ ❤❛✉t ♥✐✈❡❛✉ ✭❍▲❙✮
❞✬❛❝❝é❧ér❛t❡✉rs ♠❛tér✐❡❧s✱ ❝♦♠♠❡♥t ❣é♥ér❡r ✉♥❡ ♦r❣❛♥✐s❛t✐♦♥ ♦♣t✐♠✐sé❡ ♣♦✉r ✉♥
❛❝❝é❧ér❛t❡✉r ❝♦♠♠✉♥✐q✉❛♥t ❛✈❡❝ ✉♥❡ ♠é♠♦✐r❡ ❡①t❡r♥❡ ❉❉❘✳ ▲❡ ✓ t✐❧✐♥❣ ✔ ✭t✉✐✲
❧❛❣❡✮ ❡st ✉t✐❧✐sé ♣♦✉r ♣❡r♠❡ttr❡ ❞❡s tr❛♥s❢❡rts ♣❛r ❜❧♦❝s✱ ❛❞❛♣tés ❛✉① ♠é♠♦✐r❡s
❉❉❘✳ ▲❡ ♣✐♣❡❧✐♥❡ ❞❡ ♣r♦❝❡ss✉s ❞❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♣❡r♠❡t ❧❡ r❡❝♦✉✈r❡♠❡♥t ❞❡s
❝❛❧❝✉❧s ❡t ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ❡t ❞♦♥❝ ❞❡ ♠❛sq✉❡r ❝❡rt❛✐♥❡s ❧❛t❡♥❝❡s✱ s❡❧♦♥ ✉♥ ♣r✐♥✲
❝✐♣❡ s✐♠✐❧❛✐r❡ à ❧❛ t❡❝❤♥✐q✉❡ ❞✉ ✓ ❞♦✉❜❧❡ ❜✉✛❡r✐♥❣ ✔ ✳ ❋✐♥❛❧❡♠❡♥t✱ ❧❛ ré✉t✐❧✐s❛t✐♦♥
❞❡s ❞♦♥♥é❡s ❡♥tr❡ ❞✐✛ér❡♥t❡s t✉✐❧❡s ❡st ❡①♣❧♦✐té❡ ♣♦✉r é✈✐t❡r ❞❡s ❛❝❝ès ❞✐st❛♥ts
q✉❛♥❞ ❧❡s ❞♦♥♥é❡s s♦♥t ❞é❥à ❞✐s♣♦♥✐❜❧❡s ❞❛♥s ❧❛ ♠é♠♦✐r❡ ❧♦❝❛❧❡✳
▲❡ ❜✉t ❞❡ ❝❡ r❛♣♣♦rt ❡st ❞❡ ♠♦♥tr❡r ❝♦♠♠❡♥t s♣é❝✐✜❡r ❧❡s ❡♥s❡♠❜❧❡s ❞❡
❞♦♥♥é❡s ❛ ❧✐r❡ ❞❡♣✉✐s ❧❛ ♠é♠♦✐r❡ ❡①t❡r♥❡ ❡t à é❝r✐r❡ ❞❛♥s ❝❡tt❡ ♠é♠♦✐r❡ ❞❡ ❢❛✲
ç♦♥ à ré❞✉✐r❡ ❧❡s ❝♦♠♠✉♥✐❝❛t✐♦♥s ❡t à ré✉t✐❧✐s❡r ❧❡s ❞♦♥♥é❡s✱ ❛✉t❛♥t q✉❡ ❢❛✐r❡
s❡ ♣❡✉t✱ ❞❛♥s ❧✬❛❝❝é❧ér❛t❡✉r✳ ▲❛ ❞✐✣❝✉❧té ♣r✐♥❝✐♣❛❧❡ ❞❛♥s ✉♥❡ t❡❧❧❡ s♣é❝✐✜❝❛t✐♦♥
❛♣♣❛r❛ît ❧♦rsq✉❡ ❝❡rt❛✐♥❡s ❞♦♥♥é❡s s♦♥t ✭r❡✮❞é✜♥✐❡s ❞❛♥s ❧✬❛❝❝é❧ér❛t❡✉r✱ ❡t ♣✐r❡
❞❛♥s ❧❡ ❝❛s ❞✬❛♣♣r♦①✐♠❛t✐♦♥s✱ ❧♦rsq✉✬❡❧❧❡s ❧❡ s♦♥t ♣❡✉t✲êtr❡ ♠❛✐s q✉❡ ❝❡ ♥✬❡st
♣❛s ❝❡rt❛✐♥✳ ◆♦✉s ♠♦♥tr♦♥s q✉❡ ❞❡s t❡❝❤♥✐q✉❡s ❞✬♦♣t✐♠✐s❛t✐♦♥s ♣♦❧②é❞r❛❧❡s ♣❛✲
r❛♠étré❡s ♣❡✉✈❡♥t êtr❡ ✉t✐❧✐sé❡s ♣♦✉r ❣é♥ér❡r ❧❡s ❡♥s❡♠❜❧❡s ❞❡ ❞♦♥♥é❡s à ❝❤❛r❣❡r
✭r❡s♣✳ st♦❝❦❡r✮ ❛✈❛♥t ✭r❡s♣✳ ❛♣rès✮ ❝❤❛q✉❡ t✉✐❧❡✳ ❯♥❡ ♣r♦♣r✐été ✐♥tér❡ss❛♥t❡ ❞❡
♥♦tr❡ ♠ét❤♦❞❡ ❡st q✉❡ ❧❡ ❝❛s ♦ù ❛✉❝✉♥❡ ❛♣♣r♦①✐♠❛t✐♦♥ ♥✬❡st ♥é❝❡ss❛✐r❡ ❛♣♣❛r❛ît
♥❛t✉r❡❧❧❡♠❡♥t ❝♦♠♠❡ ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r ❞❡ ❧❛ ♣r♦❝é❞✉r❡ ❣é♥ér❛❧❡✳
▼♦ts✲❝❧és ✿ ❖♣t✐♠✐s❛t✐♦♥s ♣♦❧②é❞r✐q✉❡s✱ ♦♣t✐♠✐s❛t✐♦♥s ❞❡s ❝♦♠♠✉♥✐❝❛t✐♦♥s✱
♣r♦❝❡ss✉s ♣✐♣❡❧✐♥és✱ ♠é♠♦✐r❡ ❉❉❘✱ ❛❝❝é❧ér❛t❡✉rs ♠❛tér✐❡❧s✱ s②♥t❤ès❡ ❞❡ ❤❛✉t
♥✐✈❡❛✉✳
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✸
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤
❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s
❈❤r✐st♦♣❤❡ ❆❧✐❛s ❆❧❛✐♥ ❉❛rt❡ ❆❧❡①❛♥❞r✉ P❧❡s❝♦
❏✉❧② ✷✺✱ ✷✵✶✶
❆❜str❛❝t ✕ ❚❤❡ ✉s❡ ♦❢ ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦rs✱ ❡✳❣✳✱ ✇✐t❤ ●P●P❯s ♦r ❝✉st♦♠✐③❡❞
❝✐r❝✉✐ts ✉s✐♥❣ ❋P●❆s✱ ❛r❡ ♣❛rt✐❝✉❧❛r❧② ✐♥t❡r❡st✐♥❣ ❢♦r ❛❝❝❡❧❡r❛t✐♥❣ ❞❛t❛✲ ❛♥❞ ❝♦♠♣✉t❡✲
✐♥t❡♥s✐✈❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❍♦✇❡✈❡r✱ t♦ ❣❡t ❤✐❣❤ ♣❡r❢♦r♠❛♥❝❡ ✇❤❡♥ ♦✤♦❛❞✐♥❣ ❝♦♠♣✉t❛t✐♦♥
❦❡r♥❡❧s t♦ s✉❝❤ ❛♥ ❛❝❝❡❧❡r❛t✐♦♥ ♣❧❛t❢♦r♠✱ ✐t ✐s ♠❛♥❞❛t♦r② t♦ r❡str✉❝t✉r❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥
❝♦❞❡ ❛♥❞ t♦ ❣❡♥❡r❛t❡ ❛❞❡q✉❛t❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♠❡❝❤❛♥✐s♠s t♦ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r②✱
✐✳❡✳✱ ❢♦r r❡♠♦t❡ ❛❝❝❡ss❡s✳ ■♥ ❛ ♣r❡✈✐♦✉s r❡♣♦rt✱ ✇❡ s❤♦✇❡❞✱ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ ❤✐❣❤✲
❧❡✈❡❧ s②♥t❤❡s✐s ✭❍▲❙✮ ♦❢ ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦rs✱ ❤♦✇ t♦ ❞❡r✐✈❡ ❛♥ ♦♣t✐♠✐③❡❞ ♦r❣❛♥✐③❛t✐♦♥
❢♦r ❛♥ ❛❝❝❡❧❡r❛t♦r ❝♦♠♠✉♥✐❝❛t✐♥❣ t♦ ❛♥ ❡①t❡r♥❛❧ ❉❉❘ ♠❡♠♦r②✳ ▲♦♦♣ t✐❧✐♥❣ ✐s ✉s❡❞ t♦
❡♥❛❜❧❡ ❜❧♦❝❦ ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ s✉✐t❛❜❧❡ ❢♦r ❉❉❘ ♠❡♠♦r✐❡s✳ P✐♣❡❧✐♥❡❞ ❝♦♠♠✉♥✐❝❛t✐♦♥
♣r♦❝❡ss❡s ❛r❡ ❣❡♥❡r❛t❡❞ t♦ ♦✈❡r❧❛♣ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ ❝♦♠♣✉t❛t✐♦♥s✱ t❤❡r❡❜② ❤✐❞✐♥❣
s♦♠❡ ❧❛t❡♥❝✐❡s✱ ✐♥ ❛ ✇❛② s✐♠✐❧❛r t♦ ❞♦✉❜❧❡ ❜✉✛❡r✐♥❣✳ ❋✐♥❛❧❧②✱ ❞❛t❛ r❡✉s❡ ❛♠♦♥❣ t✐❧❡s ✐s
❡①♣❧♦✐t❡❞ t♦ ❛✈♦✐❞ r❡♠♦t❡ ❛❝❝❡ss❡s ✇❤❡♥ ❞❛t❛ ❛r❡ ❛❧r❡❛❞② ❛✈❛✐❧❛❜❧❡ ✐♥ t❤❡ ❧♦❝❛❧ ♠❡♠♦r②✳
❚❤❡ ❣♦❛❧ ♦❢ t❤✐s r❡♣♦rt ✐s t♦ s❤♦✇ ❤♦✇ t♦ s♣❡❝✐❢② t❤❡ s❡ts ♦❢ ❞❛t❛ t♦ ❜❡ r❡❛❞ ❢r♦♠
❛♥❞ t♦ ❜❡ ✇r✐tt❡♥ t♦ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② s♦ ❛s t♦ r❡❞✉❝❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ r❡✉s❡
❞❛t❛ ❛s ♠✉❝❤ ❛s ♣♦ss✐❜❧❡ ✐♥ t❤❡ ❛❝❝❡❧❡r❛t♦r✳ ❚❤❡ ♠❛✐♥ ❞✐✣❝✉❧t② ✐♥ s✉❝❤ ❛ s♣❡❝✐✜❝❛t✐♦♥
❛r✐s❡s ✇❤❡♥ s♦♠❡ ❞❛t❛ ❛r❡ ✭r❡✮❞❡✜♥❡❞ ✐♥ t❤❡ ❛❝❝❡❧❡r❛t♦r✱ ❛♥❞ ❡✈❡♥ ✇♦rs❡ ✐♥ t❤❡ ❝❛s❡
♦❢ ❛♣♣r♦①✐♠❛t✐♦♥s✱ ✇❤❡♥ s♦♠❡ ❞❛t❛ ♠❛② ❜❡ r❡❞❡✜♥❡❞ ❜✉t t❤✐s ✐s ♥♦t s✉r❡✳ ❲❡ s❤♦✇
t❤❛t t❡❝❤♥✐q✉❡s ❜❛s❡❞ ♦♥ ♣❛r❛♠❡tr✐❝ ♣♦❧②❤❡❞r❛❧ ♦♣t✐♠✐③❛t✐♦♥s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❣❡♥❡r❛t❡
t❤❡ s❡ts ♦❢ ❞❛t❛ t♦ ❜❡ ❧♦❛❞❡❞ ✭r❡s♣✳ st♦r❡❞✮ ❥✉st ❜❡❢♦r❡ ✭r❡s♣✳ ❛❢t❡r✮ ❡❛❝❤ t✐❧❡✳ ❆♥
✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡ ✐s t❤❛t t❤❡ ❝❛s❡ ✇❤❡r❡ ♥♦ ❛♣♣r♦①✐♠❛t✐♦♥ ✐s ♥❡❡❞❡❞ ❛♣♣❡❛rs ♥✐❝❡❧②
❛s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢ t❤❡ ❣❡♥❡r❛❧ ♣r♦❝❡❞✉r❡✳
✶ ■♥tr♦❞✉❝t✐♦♥
❚❤❡ ❣♦❛❧ ♦❢ t❤✐s r❡♣♦rt ✐s t♦ s❤♦✇ ❤♦✇ t♦ ♦♣t✐♠✐③❡ t❤❡ tr❛♥s❢❡r ♦❢ r❡♠♦t❡ ❛❝❝❡ss❡s
❢♦r ❛ ❝♦♠♣✉t❛t✐♦♥ ❦❡r♥❡❧ t❤❛t ❤❛s ❜❡❡♥ ♦✤♦❛❞❡❞ t♦ ❛♥ ❛❝❝❡❧❡r❛t✐♦♥ ♣❧❛t❢♦r♠✳
■t ✐s ❜❛s❡❞ ♦♥ ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ♦♥ s♦✉r❝❡✲❧❡✈❡❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♣t✐♠✐③❛t✐♦♥
❢♦r ❤✐❣❤✲❧❡✈❡❧ s②♥t❤❡s✐s ✭❍▲❙✮✱ ❞❡s❝r✐❜❡❞ ✐♥ ❬✷✱ ✷✵✱ ✸❪✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐t ✐s
❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ✏❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦❛❧❡s❝✐♥❣✑ t❡❝❤♥✐q✉❡ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬✷✵✱ ✸❪✱
✇❤✐❝❤ ❞❡s❝r✐❜❡ t❤❡ ✇❤♦❧❡ tr❛♥s❢♦r♠❛t✐♦♥ ♣r♦❝❡ss✱ ✐♥❝❧✉❞✐♥❣ ❧♦❝❛❧ ♠❡♠♦r② ❞❡s✐❣♥
❛♥❞ ❝♦❞❡ ❣❡♥❡r❛t✐♦♥✳ ❚❤❡s❡ t✇♦ ❛❞❞✐t✐♦♥❛❧ ♣❤❛s❡s ❛r❡ ♥♦t ❛❞❞r❡ss❡❞ ❤❡r❡✳
❲❡ ❢♦❝✉s ♦♥ t❤❡ ♦♣t✐♠✐③❛t✐♦♥ ♦❢ ❤❛r❞✇❛r❡ ❛❝❝❡❧❡r❛t♦rs ✇♦r❦✐♥❣ ♦♥ ❛ ❧❛r❣❡
❞❛t❛ s❡t t❤❛t ❝❛♥♥♦t ❜❡ ❝♦♠♣❧❡t❡❧② st♦r❡❞ ✐♥ ❧♦❝❛❧ ♠❡♠♦r②✱ ❜✉t ♥❡❡❞ t♦ ❜❡
tr❛♥s❢❡rr❡❞ ❢r♦♠ ❛ ❉❉❘♠❡♠♦r② ❛t t❤❡ ❤✐❣❤❡st ♣♦ss✐❜❧❡ r❛t❡✱ ❛♥❞ ♣♦ss✐❜❧② st♦r❡❞
t❡♠♣♦r❛r✐❧② ❧♦❝❛❧❧②✳ ❋♦r s✉❝❤ ❛ ♠❡♠♦r②✱ t❤❡ t❤r♦✉❣❤♣✉t ♦❢ ♠❡♠♦r② tr❛♥s❢❡rs ✐s
❛s②♠♠❡tr✐❝✿ s✉❝❝❡ss✐✈❡ ❛❝❝❡ss❡s t♦ t❤❡ s❛♠❡ ❉❉❘ r♦✇ ❛r❡ ♣✐♣❡❧✐♥❡❞ ❛♥ ♦r❞❡r ♦❢
♠❛❣♥✐t✉❞❡ ❢❛st❡r t❤❛♥ ✇❤❡♥ t❤❡ st❛t❡s ♦❢ t❤❡ ✜♥✐t❡✲st❛t❡ ♠❛❝❤✐♥❡ ❝♦♥tr♦❧❧✐♥❣ t❤❡
∗❈♦♠♣s②s✱ ▲■P✱ ❯▼❘ ✺✻✻✽ ❈◆❘❙✱ ■◆❘■❆✱ ❊◆❙✲▲②♦♥✱ ❯❈❇✲▲②♦♥
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✹
❉❉❘ ♠✉st ❜❡ ❝❤❛♥❣❡❞ t♦ ❛❝❝❡ss ❞✐✛❡r❡♥t r♦✇s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛❝❝❡ss✐♥❣ ❞❛t❛
❜② ❜❧♦❝❦s ✐s ❛ ❞✐r❡❝t ✇❛② ♦❢ ✐♠♣r♦✈✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡s✿ ✐❢ ♥♦t✱ t❤❡ ❤❛r❞✇❛r❡
❛❝❝❡❧❡r❛t♦r✱ ❡✈❡♥ ❤✐❣❤❧②✲♦♣t✐♠✐③❡❞✱ ❦❡❡♣s st❛❧❧✐♥❣ ❛♥❞ r✉♥s ❛t t❤❡ ❢r❡q✉❡♥❝② ♦❢
t❤❡ ❉❉❘ ❛❝❝❡ss❡s✳ ❚❤❡ s❛♠❡ s✐t✉❛t✐♦♥ ♦❝❝✉rs ✇❤❡♥ ❛❝❝❡ss✐♥❣ ❛ ❜✉s ❢♦r ✇❤✐❝❤
❜✉rst ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛r❡ ♠♦r❡ ❡✣❝✐❡♥t✱ ✇❤❡♥ ♦♣t✐♠✐③✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❢♦r
●P●P❯s ♦r✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ✇❤❡♥ ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ❜❡t✇❡❡♥ ❛♥ ❡①t❡r♥❛❧ ❧❛r❣❡
♠❡♠♦r② ❛♥❞ ❛♥ ❛❝❝❡❧❡r❛t♦r ✇✐t❤ ❛ ❧✐♠✐t❡❞ ♠❡♠♦r②✱ s❤♦✉❧❞ ❜❡ r❡❞✉❝❡❞ ✭t❤❛♥❦s
t♦ ❞❛t❛ r❡✉s❡ ✐♥ t❤❡ ❛❝❝❡❧❡r❛t♦r✮✱ ♣✐♣❡❧✐♥❡❞✱ ❛♥❞ ♣r❡❢❡r❛❜❧② ♣❡r❢♦r♠❡❞ ❜② ❜❧♦❝❦s✳
❚❤✐s ✐s ✇❤② ✇❡ ❜❡❧✐❡✈❡ t❤❛t ♦✉r t❡❝❤♥✐q✉❡s✱ ❛❧t❤♦✉❣❤ ❞❡✈❡❧♦♣❡❞ ❢♦r ❍▲❙ ❛♥❞
s♣❡❝✐❛❧✐③❡❞ t♦ ❆❧t❡r❛ ❈✷❍ ❬✻❪✱ ❝❛♥ ❜❡ ✐♥t❡r❡st✐♥❣ ✐♥ ♦t❤❡r ❝♦♥t❡①ts✳
❖✉r t❡❝❤♥✐q✉❡ r❡❧✐❡s ♦♥ ❧♦♦♣ t✐❧✐♥❣ t♦ ✐♥❝r❡❛s❡ t❤❡ ❣r❛♥✉❧❛r✐t② ♦❢ ❝♦♠♣✉t❛t✐♦♥s
❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❊❛❝❤ str✐♣ ♦❢ t✐❧❡s ✐s ♦♣t✐♠✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ❚r❛♥s❢❡rs ❢r♦♠
❛♥❞ t♦ t❤❡ ❉❉❘ ❛r❡ ♣✐♣❡❧✐♥❡❞✱ ✐♥ ❛ ❜❧♦❝❦✐♥❣ ❛♥❞ ❞♦✉❜❧❡✲❜✉✛❡r✐♥❣ ❢❛s❤✐♦♥✱ t❤❛♥❦s
t♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ s♦❢t✇❛r❡✲♣✐♣❡❧✐♥❡❞ ❝♦♠♠✉♥✐❝❛t✐♥❣ ♣r♦❝❡ss❡s✳ ❉❛t❛ r❡✉s❡
✇✐t❤✐♥ ❛ str✐♣ ✐s ❡①♣❧♦✐t❡❞ ❜② ❛❝❝❡ss✐♥❣ ❞❛t❛ ❢r♦♠ t❤❡ ❛❝❝❡❧❡r❛t♦r ❛♥❞ ♥♦t ❢r♦♠
t❤❡ ❉❉❘ ✇❤❡♥ ❛❧r❡❛❞② ♣r❡s❡♥t✳ ▲♦❝❛❧ ♠❡♠♦r✐❡s ❛r❡ ❛✉t♦♠❛t✐❝❛❧❧② ❣❡♥❡r❛t❡❞
s♦ ❛s t♦ st♦r❡ ❝♦♠♠✉♥✐❝❛t❡❞ ❞❛t❛ ❛♥❞ ❡①♣❧♦✐t ❞❛t❛ r❡✉s❡✳ ❚♦ ♠❛❦❡ t❤✐s s❝❤❡♠❡
♣♦ss✐❜❧❡✱ ♦♥❡ ♥❡❡❞s t♦ ❜❡ ❛❜❧❡ t♦ ❞❡s❝r✐❜❡✱ ❢♦r ❡❛❝❤ t✐❧❡ T ❛♥❞ ✐♥ ❛ ♣❛r❛♠❡tr✐❝
❢❛s❤✐♦♥✱ t❤❡ s❡t ▲♦❛❞(T ) ♦❢ ❞❛t❛ t♦ ❜❡ ❧♦❛❞❡❞ ❜❡❢♦r❡ t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ t✐❧❡ T
❛♥❞ t❤❡ s❡t ❙t♦r❡(T ) ♦❢ ❞❛t❛ t♦ ❜❡ st♦r❡❞ ❥✉st ❛❢t❡r t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ T ✳ ❲❡ ❣✐✈❡
❛ ❝♦♠♣❧❡t❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥tr✐❜✉t✐♦♥s✿
❼ ❲❡ ❝❤❛r❛❝t❡r✐③❡ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ s❡ts ▲♦❛❞(T ) ❛♥❞ ❙t♦r❡(T ) ❛r❡ ✈❛❧✐❞✳
❖✉r s♣❡❝✐✜❝❛t✐♦♥ ✐s ❣❡♥❡r❛❧ ❡♥♦✉❣❤ t♦ ❤❛♥❞❧❡ t❤❡ ❝❛s❡ ✇❤❡r❡ ❞❛t❛ ✉s❡❞
✐♥ ❛ t✐❧❡ str✐♣ ❝❛♥ ❛❧s♦ ❜❡ r❡❞❡✜♥❡❞ ✐♥ t❤❡ str✐♣✳ ■t ❛❧s♦ ❤❛♥❞❧❡s t❤❡ ❝❛s❡
✇❤❡r❡ t❤❡ s❡ts ■♥(T ) ✭❞❛t❛ r❡❛❞ ✐♥ t❤❡ t✐❧❡ T ❜✉t ♥♦t ✇r✐tt❡♥ ❡❛r❧✐❡r ✐♥ T ✮
❛♥❞ ❖✉t(T ) ✭❞❛t❛ ✇r✐tt❡♥ ✐♥ T ✮ ♠❛② ❜❡ ❛♣♣r♦①✐♠❛t❡❞✳
❼ ❲❤❡♥ t❤❡ s❡ts ■♥(T ) ❛♥❞ ❖✉t(T )✱ ♦r t❤❡✐r ❛♣♣r♦①✐♠❛t✐♦♥s✱ ❛r❡ ❞❡s❝r✐❜❡❞
❛s ❛ ♣♦❧②❤❡❞r♦♥ ♦r ❛ ✉♥✐♦♥ ♦❢ ♣♦❧②❤❡❞r❛✱ ❧✐♥❡❛r❧② ♣❛r❛♠❡t❡r✐③❡❞ ❜② T ✱ ✇❡
❣✐✈❡ ❛♥ ♦♣t✐♠✐③❛t✐♦♥ ♣r♦❝❡❞✉r❡✱ ❜❛s❡❞ ♦♥ ♣❛r❛♠❡tr✐❝ ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✱
t❤❛t s♣❡❝✐✜❡s t❤❡ ❧♦❛❞ ❛♥❞ st♦r❡ s❡ts ▲♦❛❞(T ) ❛♥❞ ❙t♦r❡(T ) s♦ t❤❛t t❤❡
❧✐✈❡✲r❛♥❣❡ ♦❢ ❡❛❝❤ ❞❛t❛ ✐♥ t❤❡ ❛❝❝❡❧❡r❛t♦r ✐s ♠✐♥✐♠✐③❡❞✳ ❚❤✐s s❤♦✉❧❞ ❤❡❧♣
r❡❞✉❝✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ ❧♦❝❛❧ ♠❡♠♦r②✳
❼ ❖✉r ❛♥❛❧②s✐s ✐s ♣❛r❛♠❡t❡r✐③❡❞ ❜② ❛♥ ❛❜str❛❝t ✏s❝❤❡❞✉❧✐♥❣ ❢✉♥❝t✐♦♥✑ t❤❛t
❡①♣r❡ss❡s t❤❡ t✐❧✐♥❣ ♦❢ ❧♦♦♣s ❛♥❞ t❤❡ ♣✐♣❡❧✐♥✐♥❣ ♦❢ t✐❧❡s✳ ❲✐t❤ t❤✐s ❢❡❛t✉r❡✱
t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❣❡♥❡r❛t❡ t❤❡ t✐❧❡❞ ♣r♦❣r❛♠ ❜❡❢♦r❡ r✉♥♥✐♥❣ t❤❡ ❛♥❛❧②s✐s✱
✇❤✐❝❤ ✐s t❤✉s ✐♥❞❡♣❡♥❞❡♥t ♦♥ t❤❡ ✇❛② t❤❡ t✐❧❡❞ ❝♦❞❡ ✐s ✜♥❛❧❧② ❣❡♥❡r❛t❡❞✳
❍♦✇❡✈❡r✱ t✐❧❡s ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ❡①❡❝✉t❡❞ ✐♥ s❡q✉❡♥❝❡✱ ✐✳❡✳✱ ✇✐t❤ ♥♦ ♣❛r✲
❛❧❧❡❧✐s♠✳ ❚❤❡ ❝❛s❡ ♦❢ ♣❛r❛❧❧❡❧ ♣r♦❣r❛♠s ♠❛❦❡s t❤❡ st✉❞② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞
❛♥❞ ✐s ❧❡❢t ❢♦r ❢✉t✉r❡ ✇♦r❦✳
❲❡ r❡❝❛❧❧ s♦♠❡ ♣r❡r❡q✉✐s✐t❡s ✐♥ ❙❡❝t✐♦♥ ✷ r❡❧❛t❡❞ t♦ ❧♦♦♣ t✐❧✐♥❣ ❛♥❞ ♣❛r❛♠❡tr✐❝
♣♦❧②❤❡❞r❛❧ ♦♣t✐♠✐③❛t✐♦♥s✳ ❙❡❝t✐♦♥ ✸ ❞❡t❛✐❧s t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r t❤❡ s✐♠♣❧❡st ❝❛s❡
✇❤❡r❡✱ ❢♦r ❡❛❝❤ t✐❧❡✱ t❤❡ s❡t ♦❢ ❞❛t❛ r❡❛❞ ✐♥ T ❛♥❞ t❤❡ s❡t ♦❢ ❞❛t❛ ✇r✐tt❡♥ ✐♥ T ❛r❡
❦♥♦✇♥ ❡①❛❝t❧②✳ ❙❡❝t✐♦♥ ✹ ❛❞❞r❡ss❡s t❤❡ ❧❡ss ✐♥t✉✐t✐✈❡ ❝❛s❡ ✇❤❡r❡ t❤❡s❡ s❡ts ❝❛♥
❜❡ ♦✈❡r✲ ❛♥❞ ✉♥❞❡r✲❛♣♣r♦①✐♠❛t❡❞✳ ❋♦r ❡❛❝❤ s✐t✉❛t✐♦♥✱ ✇❡ s♣❡❝✐❢② ❝♦♥❞✐t✐♦♥s ❢♦r
t❤❡ s❡ts ▲♦❛❞(T ) ❛♥❞ ❙t♦r❡(T ) t♦ ❜❡ ✈❛❧✐❞ ❛♥❞ ✇❡ ❣✐✈❡ ❛ ♣r♦❝❡❞✉r❡ t♦ ❝♦♠♣✉t❡
t❤❡♠ s♦ t❤❛t ❧✐✈❡✲r❛♥❣❡s ❛r❡ ❛s s❤♦rt ❛s ♣♦ss✐❜❧❡ ✐♥ t❤❡ ❧♦❝❛❧ ♠❡♠♦r②✱ ✐✳❡✳✱ s♦
t❤❛t ❞❛t❛ ❛r❡ ❧♦❛❞❡❞ ❢r♦♠ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② ❛s ❧❛t❡ ❛s ♣♦ss✐❜❧❡ ❛♥❞ st♦r❡❞
t♦ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✳
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✺
✷ ❙♦♠❡ ♣r❡r❡q✉✐s✐t❡s ♦♥ ♣♦❧②❤❡❞r❛❧ ♦♣t✐♠✐③❛t✐♦♥s
❖✉r ♠❡t❤♦❞ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ♦✤♦❛❞ ❛ ❦❡r♥❡❧ ♦♥ ✇❤✐❝❤ ❧♦♦♣ t✐❧✐♥❣ ❬✷✶❪ ❛♥❞
♣♦❧②❤❡❞r❛❧ tr❛♥s❢♦r♠❛t✐♦♥s ❬✹❪ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✱ ✐✳❡✳✱ ❛ s❡t ♦❢ ❢♦r ♥❡st❡❞ ❧♦♦♣s✱
♠❛♥✐♣✉❧❛t✐♥❣ ❛rr❛②s ❛♥❞ s❝❛❧❛r ✈❛r✐❛❜❧❡s✱ ✇❤♦s❡ ✐t❡r❛t✐♦♥s ❝❛♥ ❜❡ r❡♣r❡s❡♥t❡❞
❜② ❛♥ ✐t❡r❛t✐♦♥ ❞♦♠❛✐♥ ✉s✐♥❣ ♣♦❧②❤❡❞r❛✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✇❤❡♥ ❧♦♦♣ ❜♦✉♥❞s ❛♥❞
✐❢ ❝♦♥❞✐t✐♦♥s ❛r❡ ❛✣♥❡ ❡①♣r❡ss✐♦♥s ♦❢ s✉rr♦✉♥❞✐♥❣ ❧♦♦♣s ❝♦✉♥t❡rs ❛♥❞ str✉❝t✉r❡
♣❛r❛♠❡t❡rs✳ ❚❤✐s ♠♦❞❡❧ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t❤r♦✉❣❤ ❛♣♣r♦①✐♠❛t✐♦♥s✱ ❛s ❡①♣❧❛✐♥❡❞
✐♥ ❙❡❝t✐♦♥ ✹✱ ❢♦r ❡①❛♠♣❧❡ ✇❤❡♥ ❛❝❝❡ss ❢✉♥❝t✐♦♥s ❛r❡ ♥♦t ❢✉❧❧② ❛♥❛❧②③❛❜❧❡ ♦r ✇❤❡♥
t❤❡ ✐t❡r❛t✐♦♥ ❞♦♠❛✐♥ ✐s r❡str✐❝t❡❞ ✇✐t❤ s♦♠❡ ❝♦♠♣❧❡① ✐❢ ❝♦♥❞✐t✐♦♥s✳
✷✳✶ ▲♦♦♣ t✐❧✐♥❣ ❛♥❞ tr❛♥s❢♦r♠❛t✐♦♥ ❢✉♥❝t✐♦♥
▲♦♦♣ t✐❧✐♥❣ ✐s ❛ st❛♥❞❛r❞ ❧♦♦♣ tr❛♥s❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤ ❤❛s ♣r♦✈❡♥ t♦ ❜❡ ❡✛❡❝t✐✈❡
❢♦r ❛✉t♦♠❛t✐❝ ♣❛r❛❧❧❡❧✐③❛t✐♦♥ ❛♥❞ ❞❛t❛ ❧♦❝❛❧✐t② ✐♠♣r♦✈❡♠❡♥t✳ ❲✐t❤ ❧♦♦♣ t✐❧✐♥❣✱
t❤❡ ✐t❡r❛t✐♦♥ ❞♦♠❛✐♥ ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ r❡❝t❛♥❣✉❧❛r ❜❧♦❝❦s ✭t✐❧❡s✮ ♦❢ ✐t❡r❛t✐♦♥s
t♦ ❜❡ ❡①❡❝✉t❡❞ ❛t♦♠✐❝❛❧❧②✳ ▲♦♦♣ t✐❧✐♥❣ ❝❛♥ ❜❡ ✈✐❡✇❡❞ ❛s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ str✐♣✲
♠✐♥✐♥❣ ❛♥❞ ❧♦♦♣ ✐♥t❡r❝❤❛♥❣❡✳ ❙tr✐♣✲♠✐♥✐♥❣ ✐♥tr♦❞✉❝❡s t✇♦ ❦✐♥❞s ♦❢ ❧♦♦♣s✿ t❤❡
t✐❧❡ ❧♦♦♣s✱ ✇❤✐❝❤ ✐t❡r❛t❡ ♦✈❡r t❤❡ t✐❧❡s✱ ❛♥❞ t❤❡ ✐♥tr❛✲t✐❧❡ ❧♦♦♣s✱ ✇❤✐❝❤ ✐t❡r❛t❡ ✐♥
❛ t✐❧❡✳ ❚❤✐s st❡♣ ✐s ❛❧✇❛②s ❧❡❣❛❧✳ ❚❤❡♥✱ ❧♦♦♣ ✐♥t❡r❝❤❛♥❣❡ ♣✉s❤❡s t❤❡ ✐♥tr❛✲t✐❧❡
❧♦♦♣s ✐♥ t❤❡ ✐♥♥❡r ❞✐♠❡♥s✐♦♥s ♦❢ t❤❡ ❧♦♦♣ ♥❡st✳ ■♥ s♦♠❡ ❝❛s❡s✱ ♣r❡❧✐♠✐♥❛r② ❧♦♦♣
tr❛♥s❢♦r♠❛t✐♦♥s✱ s✉❝❤ ❛s ❧♦♦♣ s❦❡✇✐♥❣✱ ❛r❡ ♥❡❝❡ss❛r② t♦ ♠❛❦❡ t❤❡ ❧♦♦♣s t✐❧❛❜❧❡
✭✐✳❡✳✱ ❢✉❧❧② ♣❡r♠✉t❛❜❧❡✮✳ ■♥ t❤✐s ❝❛s❡✱ ✏r❡❝t❛♥❣✉❧❛r✑ ❤❛s t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✇✐t❤
r❡s♣❡❝t t♦ t❤✐s ♣r❡❧✐♠✐♥❛r② ❝❤❛♥❣❡ ♦❢ ❜❛s✐s✳
❲❡ ❝❛❧❧ t✐❧❡ str✐♣ t❤❡ s❡t ♦❢ t✐❧❡s ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❧❛st t✐❧❡ ❧♦♦♣✱ ❢♦r ❛ ❣✐✈❡♥
✐t❡r❛t✐♦♥ ♦❢ t❤❡ ♦✉t❡r t✐❧❡ ❧♦♦♣s✳ ❚❤✐s ♥♦t✐♦♥ ✇✐❧❧ ❜❡ ✇✐❞❡❧② ✉s❡❞ ✐♥ ♦✉r ❛♣♣r♦❛❝❤✱
❛s ♠♦st ♦♣t✐♠✐③❛t✐♦♥s ✇✐❧❧ ❜❡ ❞♦♥❡ ✇✐t❤✐♥ ❛ t✐❧❡ str✐♣✱ ♣❛r❛♠❡t❡r✐③❡❞ ❜② t❤❡
❝♦✉♥t❡rs ♦❢ t❤❡ ♦✉t❡r t✐❧❡ ❧♦♦♣s✳ ❚❤❡ ❛♣♣r♦❛❝❤ ❤♦✇❡✈❡r ✐s ♥♦t ❧✐♠✐t❡❞ t♦ ❛ ♦♥❡✲
❞✐♠❡♥s✐♦♥❛❧ t✐❧❡ str✐♣✱ t❤❡ s❛♠❡ t❡❝❤♥✐q✉❡ ❝♦✉❧❞ ❜❡ ✉s❡❞ t♦ ❡①♣❧♦✐t ✐♥t❡r✲t✐❧❡ ❞❛t❛
r❡✉s❡ ❛♠♦♥❣ t✇♦ ♦r ♠♦r❡ ♥❡st❡❞ t✐❧❡ ❧♦♦♣s✳
❆ ❧♦♦♣ t✐❧✐♥❣ ❢♦r ❛ st❛t❡♠❡♥t S✱ s✉rr♦✉♥❞❡❞ ❜② n ♥❡st❡❞ ❧♦♦♣s ✇✐t❤ ✐t❡r❛t✐♦♥
❞♦♠❛✐♥ DS ✱ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ✇✐t❤ ❛♥ n✲❞✐♠❡♥s✐♦♥❛❧ ❛✣♥❡ ❢✉♥❝t✐♦♥ ~i 7→ θ(S,~i)
❛♥❞ ♦♥❡ ✭t♦ ♠❛❦❡ t❤✐♥❣s s✐♠♣❧❡r✮ s✐③❡ ♣❛r❛♠❡t❡r b✱ ✇❤❡r❡~i ✐s t❤❡ ✐t❡r❛t✐♦♥ ✈❡❝t♦r
s♣❡❝✐❢②✐♥❣ t❤❡ ✐t❡r❛t✐♦♥s ♦❢ DS ✳ ❆ t✐❧❡✱ ❞❡✜♥❡❞ ❜② n ❧♦♦♣ ❝♦✉♥t❡rs I1✱ ✳ ✳ ✳ ✱ In✱
❝♦♥t❛✐♥s ~i ∈ DS ✐❢ bIk ≤ θ(S,~i) < b(Ik + 1)✱ ❢♦r k ∈ [1..n]✳ ❆❞❞✐♥❣ t❤❡s❡ ❝♦♥✲
str❛✐♥ts✱ ❢♦r ❛ ✜①❡❞ ✈❛❧✉❡ b✱ t♦ t❤♦s❡ ❡①♣r❡ss✐♥❣ DS ❣✐✈❡s ❛♥ ✐t❡r❛t✐♦♥ ❞♦♠❛✐♥ D′S
♦❢ ❞✐♠❡♥s✐♦♥ 2n✳ ■❢ t❤❡ tr❛♥s❢♦r♠❛t✐♦♥ θ ❝♦rr❡s♣♦♥❞s t♦ n ♣❡r♠✉t❛❜❧❡ ❧♦♦♣s✱
t❤❡♥ ❛ ✈❛❧✐❞ s❡q✉❡♥t✐❛❧ s❝❤❡❞✉❧❡ ♦❢ t❤❡ t✐❧❡❞ ❝♦❞❡ ✐s✿
θt✐❧❡❞(S, I1 . . . In,
~i) = (I1, . . . , In, θ(S,~i))
▼❛✐♥ ❡①❛♠♣❧❡
❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦❞❡ t❤❛t ❝♦♠♣✉t❡s ✐♥ ❛rr❛② c t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ♣♦❧②✲
♥♦♠✐❛❧s ♦❢ ❞❡❣r❡❡ N ✱ st♦r❡❞ ✐♥ ❛rr❛②s a ❛♥❞ b✳
❢♦r ✭✐❂✵❀ ✐❁❂ ✷✯◆❀ ✐✰✰✮
❙✶✿ ❝❬✐❪ ❂ ✵❀
❢♦r ✭✐❂✵❀ ✐❁❂◆❀ ✐✰✰✮
❢♦r ✭❥❂✵❀ ❥❁❂◆❀ ❥✰✰✮
❙✷✿ ❝❬✐✰❥❪ ❂ ❝❬✐✰❥❪ ✰ ❛❬✐❪✯❜❬❥❪❀
❘❘ ♥➦ ✼✻✾✼




















❋✐❣✉r❡ ✶✿ ❉✐✛❡r❡♥t t✐❧✐♥❣s ✐♥❞✉❝❡ ❞✐✛❡r❡♥t ❝♦♠♠✉♥✐❝❛t✐♦♥s
❲❡ s✉♣♣♦s❡ t❤❛t t❤❡ ♦✤♦❛❞❡❞ ❦❡r♥❡❧ ✐s t❤❡ s❡t ♦❢ ♥❡st❡❞ ❧♦♦♣s ❝♦♥t❛✐♥✐♥❣ S2✳
❚❤❡② ❛r❡ ♥♦t ♣❡r♠✉t❛❜❧❡✱ s♦♠❡ ♣r❡❧✐♠✐♥❛r② ❧♦♦♣ tr❛♥s❢♦r♠❛t✐♦♥ ✐s ♥❡❡❞❡❞✳
❆ ♣♦ss✐❜❧❡ t✐❧✐♥❣ ✐s ❣✐✈❡♥ ❜② t❤❡ s❝❤❡❞✉❧❡ (i, j) 7→ (N−j, i)✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s
t♦ ❛ ❧♦♦♣ ✐♥t❡r❝❤❛♥❣❡ ❛♥❞ ❛ ❧♦♦♣ r❡✈❡rs❛❧ ♦❢ t❤❡ j ❧♦♦♣✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✶✭❛✮✳
❋♦r s✉❝❤ ❛ t✐❧✐♥❣✱ t❤❡r❡ ✐s ♠❛①✐♠❛❧ ✐♥t❡r✲t✐❧❡ r❡✉s❡ ♦❢ b ✇✐t❤✐♥ ❛ t✐❧❡ str✐♣ ✭❛❧♦♥❣
t❤❡ j ❛①✐s✮✱ ♠❛①✐♠❛❧ ✐♥tr❛✲t✐❧❡ r❡✉s❡ ♦❢ a ✇✐t❤✐♥ ❛ t✐❧❡ ✭❛❧♦♥❣ t❤❡ i ❛①✐s✮✱ ❛♥❞ s♦♠❡
✐♥tr❛✲ ❛♥❞ ✐♥t❡r✲t✐❧❡ r❡✉s❡ ❢♦r c ❜❡t✇❡❡♥ t✇♦ s✉❝❝❡ss✐✈❡ t✐❧❡s✳ ❆s ❛♥ ❡①❛♠♣❧❡✱ t❤❡
✜❣✉r❡ s❤♦✇s ✐♥ ❣r❡② t❤❡ s❡t ♦❢ ❡❧❡♠❡♥ts ♦❢ c t❤❛t ♠✉st ❜❡ ❧♦❛❞❡❞ ❜② ❡❛❝❤ t✐❧❡
❛♥❞ ✐♥ ❜❧✉❡ t❤❡ s❡t ♦❢ ❡❧❡♠❡♥ts ♦❢ c t❤❛t ♠✉st ❜❡ st♦r❡❞ ❜❛❝❦ ❜② ❡❛❝❤ t✐❧❡✳
❲✐t❤ t❤❡ t✐❧✐♥❣ ♦❢ ❋✐❣✉r❡ ✶✭❜✮✱ ❞❡✜♥❡❞ ❜② t❤❡ s❝❤❡❞✉❧❡ (i, j) 7→ (i+ j, i)✱ t❤❡
❞❛t❛ ❞❡♣❡♥❞❡♥❝❡s ❛r❡ ❦❡♣t ✐♥ t❤❡ t✐❧❡ str✐♣✳ ❚❤✐s ✇❛②✱ t❤❡ ❧♦❛❞s ❛♥❞ st♦r❡s ❢♦r
❛rr❛② ❝ ♦♥❧② ❛r✐s❡ ♦♥ t❤❡ ✜rst ❛♥❞ ❧❛st t✐❧❡s ♦❢ t❤❡ t✐❧❡ str✐♣✳ ◆♦t✐❝❡ t❤❛t t❤❡ ❧♦❛❞s
❛♥❞ st♦r❡s ❢♦r t❤❡ ❛rr❛② ❛ ❛r❡ t❤❡ s❛♠❡ ✐♥ ❜♦t❤ ❝❛s❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ♥✉♠❜❡r ♦❢
tr❛♥s❢❡rs ❢♦r ❛rr❛② ❜ ♥♦✇ ✐♥❝r❡❛s❡s ✇✐t❤ t❤✐s s❡❝♦♥❞ t✐❧✐♥❣✳ ❚❤❡ ❢✉❧❧ s❡q✉❡♥t✐❛❧
s❝❤❡❞✉❧❡ ♦❢ ✐t❡r❛t✐♦♥s✱ θt✐❧❡❞✱ ✐s (i, j) 7→ (I, J, i+j, i) ✇❤❡r❡ bI ≤ i+j ≤ bI+(b−1)
❛♥❞ bJ ≤ i ≤ bJ + (b− 1)✱ ✐✳❡✳✱ I = ⌊ i+j
b
⌋ ❛♥❞ J = ⌊ i
b
⌋✳ 
●✐✈✐♥❣ S✱ D′S ✱ ❛♥❞ θt✐❧❡❞ t♦ ❛ ♣♦❧②❤❡❞r❛❧ ❝♦❞❡ ❣❡♥❡r❛t♦r ✇✐❧❧ ❣❡♥❡r❛t❡ t❤❡
t✐❧❡❞ ❝♦❞❡ ❬✾✱ ✺❪✳ ❲❡ ♣♦✐♥t ♦✉t ❤♦✇❡✈❡r t❤❛t ✇❡ ❞♦ ♥♦t ❛♣♣❧② s✉❝❤ ❛ r❡✇r✐t✐♥❣
❛s ❛ ♣r❡❧✐♠✐♥❛r② tr❛♥s❢♦r♠❛t✐♦♥ ❛s t❤✐s ✇♦✉❧❞ ❝♦♠♣❧✐❝❛t❡ ♦✉r s✉❜s❡q✉❡♥t ♦♣t✐✲
♠✐③❛t✐♦♥s✳ ■♥st❡❛❞✱ ❛❧❧ ❛♥❛❧②s✐s ❛♥❞ ❝♦❞❡ ❣❡♥❡r❛t✐♦♥ st❡♣s ❛r❡ ❞♦♥❡ ✇✐t❤ r❡s♣❡❝t
t♦ t❤❡ ❢✉♥❝t✐♦♥ θ✳ ❚❤✐s ❢✉♥❝t✐♦♥ ✐s ❛❧s♦ ✉s❡❞ t♦ ❡①♣r❡ss t❤❡ r❡❧❛t✐✈❡ s❝❤❡❞✉❧❡s ♦❢
r❡❛❞✱ ✇r✐t❡✱ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥ ♣r♦❝❡ss❡s✱ ❛♥❞ t♦ ❤❡❧♣ ✉s s②♥t❤❡s✐③❡ t❤❡ ❛❞❡q✉❛t❡
❧♦❝❛❧ ❜✉✛❡rs ✐♥ ❛ ❞♦✉❜❧❡✲❜✉✛❡r✐♥❣ ❢❛s❤✐♦♥✳ ❆❝t✉❛❧❧②✱ ✏❞♦✉❜❧❡✲❜✉✛❡r✐♥❣✑ ✐s ❛ ❧❛♥✲
❣✉❛❣❡ s✐♠♣❧✐✜❝❛t✐♦♥✿ ✇❡ ❞♦ ♥♦t ✉s❡ t✇♦ ❜✉✛❡rs✱ ❜✉t ♦♥❡ ❧❛r❣❡r ❜✉✛❡r✳ ❍♦✇❡✈❡r✱
t✇♦ s✉❝❝❡ss✐✈❡ ❜❧♦❝❦s ♦❢ ❝♦♠♣✉t❛t✐♦♥ ✐♥ ❛ t✐❧❡ str✐♣ ❛r❡ ✐♥❞❡❡❞ ♣✐♣❡❧✐♥❡❞ ✇✐t❤ t✇♦
❜❧♦❝❦s ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ s♦ ❛s t♦ ♦✈❡r❧❛♣ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ ❝♦♠♣✉t❛t✐♦♥s✳
❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ t✐❧✐♥❣ ✐s ❧❡❢t t♦ t❤❡ ✉s❡r ❛♥❞ ✐s s♣❡❝✐✜❡❞ ❜② ♠❡❛♥s ♦❢ ❛
❢✉♥❝t✐♦♥ θ✳ ■♥ t❤✐s r❡♣♦rt✱ ✇❡ ❞♦ ♥♦t ❡①♣❧❛✐♥ ❤♦✇ ❧♦❝❛❧ ❜✉✛❡rs ❛r❡ ♦r❣❛♥✐③❡❞✱ ❜✉t
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✼
♦♥❧② ❤♦✇ t❤❡ s❡ts ▲♦❛❞(T ) ❛♥❞ ❙t♦r❡(T ) ❛r❡ ❣❡♥❡r❛t❡❞ ❢♦r ❛ ❣✐✈❡♥ t✐❧❡ ✐♥❞❡①❡❞
❜② T ✳ ❲❡ ✜rst s✉♠♠❛r✐③❡ t❤❡ ❛ss✉♠♣t✐♦♥s t❤❛t ❝❤❛r❛❝t❡r✐③❡ ♦✉r s❝❤❡♠❡✿
❼ ❊❧❡♠❡♥ts ✐♥ ▲♦❛❞(T ) ❛r❡ ❧♦❛❞❡❞ ❢r♦♠ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② ❜❡❢♦r❡ t❤❡
t✐❧❡ T st❛rts ❡①❡❝✉t✐♥❣✱ ❜✉t ✐♥ ❛♥② ♦r❞❡r ❢♦r ❛ ❣✐✈❡♥ T ✳
❼ ❊❧❡♠❡♥ts ✐♥ ❙t♦r❡(T ) ❛r❡ st♦r❡❞ t♦ t❤❡ ❡①t❡r♥❛❧ ♠❡♠♦r② ❛❢t❡r t❤❡ t✐❧❡ T
❡♥❞s ❡①❡❝✉t✐♥❣✱ ❜✉t ✐♥ ❛♥② ♦r❞❡r ♦❢ ❛ ❣✐✈❡♥ T ✳
❼ ❚✐❧❡s ❛r❡ ❡①❡❝✉t❡❞ ✐♥ s❡q✉❡♥❝❡✱ ❢♦❧❧♦✇✐♥❣ ❛ s❡q✉❡♥t✐❛❧ ♦r❞❡r s♣❡❝✐✜❡❞ ❢r♦♠ θ
❛s ❡①♣❧❛✐♥❡❞ ♣r❡✈✐♦✉s❧②✱ ✐✳❡✳✱ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ T ✳
❼ ❙✐♠✐❧❛r❧②✱ ▲♦❛❞(T ) ✭r❡s♣✳ ❙t♦r❡(T )✮ ✐s ❢✉❧❧② tr❛♥s❢❡rr❡❞ ❜❡❢♦r❡ ▲♦❛❞(T ′)
✭r❡s♣✳ ❙t♦r❡(T ′)✮ ✐❢ T < T ′✳
❚❤❡s❡ ❝♦♥str❛✐♥ts ✐♥❞✉❝❡ ❛ ❞❡♣❡♥❞❡♥❝❡ ❣r❛♣❤✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷✱ ✇❤✐❝❤ ❝❛♥
❜❡ s♦❢t✇❛r❡✲♣✐♣❡❧✐♥❡❞ t♦ ♦✈❡r❧❛♣ ❧♦❛❞s✱ st♦r❡s✱ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥s✳ ▼❡♠♦r② r❡✉s❡
❤♦✇❡✈❡r r❡q✉✐r❡s ❛❞❞✐t✐♦♥❛❧ s②♥❝❤r♦♥✐③❛t✐♦♥s t♦ ❛✈♦✐❞ t❤❡ ✇♦rst ❝❛s❡ ✇❤❡r❡ ❛❧❧
❧♦❛❞s ✭✜rst r♦✇ ✐♥ ❋✐❣✉r❡ ✷✮ ❛r❡ ♣❡r❢♦r♠❡❞ ❜❡❢♦r❡ ❛❧❧ t✐❧❡s ❛r❡ ❡①❡❝✉t❡❞ ✭s❡❝♦♥❞
r♦✇✮✳ ❚❤✐s ✐s ❡①♣❧❛✐♥❡❞ ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❬✷✵✱ ✸❪✳
✷✳✷ P❛r❛♠❡tr✐❝ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣
❲❡ ✇✐❧❧ ♠❛❦❡ ❛♥ ❡①t❡♥s✐✈❡ ✉s❡ ♦❢ ♣❛r❛♠❡tr✐❝ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣ ❛s ❞❡✜♥❡❞ ❜②
P❛✉❧ ❋❡❛✉tr✐❡r ❬✶✸❪✱ t❤r♦✉❣❤ t❤❡ ✉s❡ ♦❢ t❤❡ s♦❢t✇❛r❡ P■P ❤❡ ❞❡✈❡❧♦♣❡❞ ❬✶✻✱ ✶✾❪✳
❆ ♣❛r❛♠❡tr✐❝ ♣♦❧②❤❡❞r♦♥ P (~z) ✐s ❛ s❡t ♦❢ t❤❡ ❢♦r♠ {~x | A~x + B~z + ~c ≥ 0}
✇❤❡r❡ ~x ✐s ❛ ✈❡❝t♦r ✇✐t❤ n ❡♥tr✐❡s✱ t❤❡ ✈❡❝t♦r ♦❢ ❛❧❧ ✉♥❦♥♦✇♥s✳ ❚❤❡ ✈❡❝t♦r ~z
✐s t❤❡ ✈❡❝t♦r ❜✉✐❧t ❢r♦♠ ♣❛r❛♠❡t❡rs ❛♥❞ ❤❛s p ❡♥tr✐❡s✳ ❋♦r ❛ ✜①❡❞ ~z✱ P (~z) ✐s ❛
♣♦❧②❤❡❞r♦♥ ❞❡✜♥❡❞ ❜② l ✐♥❡q✉❛❧✐t✐❡s ✐❢ A ✐s ❛ ♠❛tr✐① ♦❢ s✐③❡ l× n✱ B ❛ ♠❛tr✐① ♦❢
s✐③❡ l × p✱ ❛♥❞ ~c ❛ ❝♦♥st❛♥t ✈❡❝t♦r ♦❢ s✐③❡ l✳ ❚❤❡ ♣❛r❛♠❡t❡rs ❝❛♥ t❤❡♠s❡❧✈❡s ❜❡
❝♦♥str❛✐♥❡❞ ❜② ❛ s❡t ♦❢ ❛✣♥❡ ✐♥❡q✉❛❧✐t✐❡s M~z + ~h ≥ 0✱ ❝❛❧❧❡❞ t❤❡ ❝♦♥t❡①t✳ ❚❤❡
♠❛tr✐❝❡s ❛♥❞ ✈❡❝t♦rs A✱ B✱ M ✱ ~c✱ ❛♥❞ ~h ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ✐♥t❡❣❡r✲✈❛❧✉❡❞✳
✷✳✷✳✶ ❉❡✜♥✐♥❣ ❛ ❧❡①✐❝♦❣r❛♣❤✐❝ ♠✐♥✐♠✉♠ ❛s ❛ ◗❯❆❙❚
❉❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦s❡♥ ♦♣t✐♦♥✱ P■P ✜♥❞s t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♠✐♥✐♠✉♠ ✐♥ P (~z)
♦r t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♠✐♥✐♠✉♠ ♦❢ t❤❡ s❡t ♦❢ ✐♥t❡❣❡r ♣♦✐♥ts ✐♥ P (~z)✳ ■♥ t❤❡ ♦r✐❣✐♥❛❧
❞❡✜♥✐t✐♦♥✱ ~x ❛♥❞ ~z ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ♥♦♥♥❡❣❛t✐✈❡ ✐♥ ❛❧❧ ❡♥tr✐❡s✱ ❜✉t t❤✐s r❡✲
str✐❝t✐♦♥ ❝❛♥ ❜❡ r❡♠♦✈❡❞✳ ❆❧s♦✱ ✜♥❞✐♥❣ t❤❡ ♠❛①✐♠✉♠✱ ✐♥st❡❛❞ ♦❢ t❤❡ ♠✐♥✐♠✉♠✱
✐s ♣♦ss✐❜❧❡✳ ■♥ ❛❧❧ ❝❛s❡s✱ t❤❡ s♦❧✉t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ◗❯❆❙❚ ✭◗✉❛s✐ ❆✣♥❡





T − 2 T − 1 T + 1 T + 2T
❋✐❣✉r❡ ✷✿ ❯♥r♦❧❧❡❞ ❞❡♣❡♥❞❡♥❝❡ ❣r❛♣❤ ♦❢ ❧♦❛❞✱ st♦r❡✱ ❛♥❞ ❝♦♠♣✉t❡ ♣r♦❝❡ss❡s
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✽
❛♥ ✐♥❡q✉❛❧✐t② ♦♥ ♣❛r❛♠❡t❡rs ❛♥❞ ❡❛❝❤ ❧❡❛❢ ❞❡s❝r✐❜❡s ❛ s♦❧✉t✐♦♥✱ ❡①♣r❡ss❡❞ ❛s ❛♥
❛✣♥❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❛r❛♠❡t❡rs✱ ✈❛❧✐❞ ✐❢ ❛❧❧ ✐♥❡q✉❛❧✐t✐❡s ❢♦✉♥❞ ❛❧♦♥❣ t❤❡ ♣❛t❤
❢r♦♠ t❤❡ r♦♦t t♦ t❤❡ ❧❡❛❢ ❛r❡ s❛t✐s✜❡❞✳ ■♥ ❝❛s❡ ♦❢ t❤❡ s❡❛r❝❤ ✐♥ ❛ s❡t ♦❢ ✐♥t❡❣❡r
♣♦✐♥ts✱ ❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡rs ✭❝❛❧❧❡❞ ♥❡✇ ♣❛r❛♠❡t❡r✮ ♠❛② ❛♣♣❡❛r ❛❧♦♥❣ t❤❡ ♣❛t❤
t♦ ❡①♣r❡ss ✐♥t❡❣❡r ❞✐✈✐s✐♦♥s✱ ❛♥❞ t❤❡ s♦❧✉t✐♦♥ r❡♠❛✐♥s ❛✣♥❡ ✇✐t❤ r❡s♣❡❝t t♦ ❛❧❧
♣❛r❛♠❡t❡rs✳ ❆♥ ❛❞❞✐t✐♦♥❛❧ ❢❡❛t✉r❡ ✐s t❤❛t t❤❡ ♠✐♥✐♠✉♠ ✭♦r ♠❛①✐♠✉♠✮ ♦❢ s❡✈❡r❛❧
◗❯❆❙❚s ❝❛♥ ❛❧s♦ ❜❡ r❡♣r❡s❡♥t❡❞ ❛s ❛ ◗❯❆❙❚✱ ❜② ♠❡r❣✐♥❣ ❛♥❞ s✐♠♣❧✐✜❝❛t✐♦♥
r✉❧❡s ✭s❡❡ ❞❡t❛✐❧s ❬✶✹❪✮✳ ❲❡ ✇✐❧❧ ✐❧❧✉str❛t❡ t❤✐s ❢❡❛t✉r❡ ❧❛t❡r ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✷✳
❇❛❝❦ t♦ ♠❛✐♥ ❡①❛♠♣❧❡
❈♦♥s✐❞❡r ❋✐❣✉r❡ ✶✭❛✮✳ ▲❡t ✉s ✜♥❞ ❋✐rst❖♣❘❡❛❞(m)✱ t❤❡ ♦♣❡r❛t✐♦♥ ✐♥❞❡①❡❞ ❜②
(i, j) t❤❛t ✐s s❝❤❡❞✉❧❡❞ ✜rst ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✐❧❡❞ s❝❤❡❞✉❧❡ θt✐❧❡❞✱ ✇✐t❤✐♥ ❛
❣✐✈❡♥ t✐❧❡ str✐♣✱ ❛♥❞ t❤❛t ❛❝❝❡ss❡s ❛ ❣✐✈❡♥ ❛rr❛② ❝❡❧❧ ♦❢ c✳ ❚❤✐s s❡❛r❝❤ ❤❛s t❤r❡❡
♣❛r❛♠❡t❡rs✿ N ✱ t❤❡ ✐♥✐t✐❛❧ ❧♦♦♣ ❜♦✉♥❞✱ I✱ t❤❡ ♦✉t❡r t✐❧❡ ✐♥❞❡①✱ ❛♥❞ m✱ ✇✐t❤
0 ≤ m ≤ 2N ✱ t❤❡ ♠❡♠♦r② ❝❡❧❧ ♦❢ c✳ ❚❤✐s ❛♠♦✉♥ts t♦ ✜♥❞ t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝
♠✐♥✐♠✉♠ ♦❢ (J, ii, jj, i, j) ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥str❛✐♥ts✱ ✇❤❡r❡ b ✐s ❛ ❝♦♥st❛♥t✿












ii = N − j, jj = i,
bI ≤ ii ≤ b(I + 1)− 1,
bJ ≤ jj ≤ b(J + 1)− 1,
0 ≤ i ≤ N, 0 ≤ j ≤ N,
i+ j = m
✇❤❡♥ 0 ≤ m ≤ 2N
❚❤✐s s②st❡♠ ❝❛♥ ❜❡ s♦❧✈❡❞ ✇✐t❤ t❤❡ s♦❢t✇❛r❡ t♦♦❧ P■P ✐❢ b ✐s ✜①❡❞✳ ❋♦r ❡①❛♠♣❧❡✱
✇✐t❤ t❤❡ t✐❧❡ s✐③❡ b = 10✱ ✇❡ ❛❞❞ t♦ t❤❡ ❝♦♥t❡①t t❤❡ ❝♦♥str❛✐♥t 0 ≤ m ≤ 2N ❛♥❞
P■P r❡t✉r♥s t❤❡ ❢♦❧❧♦✇✐♥❣ ◗❯❆❙❚✿
✐❢ ✭−10I +N ≥ 0✮ ✴✯ ❝♦✉❧❞ ❜❡ ♣✉t ✐♥ t❤❡ ❝♦♥t❡①t✱ t♦♦ ✯✴
✐❢ ✭−10I +N −m ≥ 0✮
✐❢ ✭10I −N +m+ 9 ≥ 0✮ ✴✯ ✈❡rt✐❝❛❧ ❜❛♥❞ ♦❢ ❡❧❡♠❡♥ts✱ ✜rst t✐❧❡✱ ✐✳❡✳✱ J = 0 ✯✴
(J, ii, jj, i, j) = (0, N −m, 0, 0,m)
❡❧s❡ ⊥ ✴✯ ♠❡❛♥s ✉♥❞❡✜♥❡❞ ✯✴
❡❧s❡
✐❢ ✭−10I + 2N −m ≥ 0✮
✐❢ ✭−10I +N −m+ 9 ≥ 0✮ ✴✯ ❤♦r✐③♦♥t❛❧ ❜❛♥❞ ♦❢ ❡❧❡♠❡♥ts✱ ✜rst t✐❧❡ ✯✴
(J, ii, jj, i, j) = (0, 10I, 10I −N +m, 10I −N +m,N − 10I)
❡❧s❡ ✇✐t❤ k = ⌊N+9m+9
10
⌋ ✴✯ ❣❡♥❡r✐❝ ❤♦r✐③♦♥t❛❧ ❝❛s❡ ✯✴
(J, ii, jj, i, j) = (I +m− k, 10I, 10I −N +m, 10I −N +m,N − 10I)
❡❧s❡ ⊥ ✴✯ ✉♥❞❡✜♥❡❞ ✯✴
❡❧s❡ ⊥ ✴✯ s❛♠❡✱ ♥♦ s♦❧✉t✐♦♥ ✯✴
❚❤❡ ✜rst ✐♥❡q✉❛❧✐t② 10I ≤ N ❡①♣r❡ss❡s t❤❡ ❢❛❝t t❤❛t✱ ✐❢ ♥♦t s❛t✐s✜❡❞✱ t❤❡r❡ ✐s ♥♦
✈❛❧✐❞ ✐t❡r❛t✐♦♥✳ ❚❤✐s ✐s ❢♦✉♥❞ ❛✉t♦♠❛t✐❝❛❧❧② ❜② P■P✳ ■♥ ♣r❛❝t✐❝❡✱ t❤✐s ✐s ❜❡tt❡r
t♦ ♣r❡✲❝♦♠♣✉t❡ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ❜② ♣r♦❥❡❝t✐♥❣ t❤❡ ✐t❡r❛t✐♦♥ ❞♦♠❛✐♥ (I, J, ii, jj)
♦♥t♦ I ❛♥❞ t♦ ❛❞❞ ✐t t♦ t❤❡ ❝♦♥t❡①t✳ ❚❤✐s ♠❛❦❡s t❤❡ ◗❯❆❙❚ s❤♦rt❡r ✐♥ ❣❡♥❡r❛❧✳
❲❡ ❞✐❞ ♥♦t ❞♦ ✐t ❤❡r❡ ❥✉st t♦ ✐❧❧✉str❛t❡ t❤❡ ♣r✐♥❝✐♣❧❡s ♦❢ P■P✳ ❍❡r❡✱ ✐❢ 10I ≤ N
✐s ❛❞❞❡❞ t♦ t❤❡ ❝♦♥t❡①t✱ t❤❡ ♦✉t❡r ❞✐s❥✉♥❝t✐♦♥ ✐s ♥♦t r❡q✉✐r❡❞ ❛♥②♠♦r❡✳
◆♦✇✱ ❛♥♦t❤❡r s✐♠♣❧✐✜❝❛t✐♦♥ ✐s ♣♦ss✐❜❧❡✳ ■♥❞❡❡❞✱ ✇❡ ❛r❡ ♦♥❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡
✈❛r✐❛❜❧❡s i ❛♥❞ j✱ ✇❤✐❧❡ t❤❡ ✈❛r✐❛❜❧❡s J ✱ ii✱ ❛♥❞ jj ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❥✉st t♦ s♣❡❝✐❢②
t❤❡ s❝❤❡❞✉❧❡ ✭t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r✮✳ ■❢ ♥❡❡❞❡❞✱ t❤❡② ❝❛♥ ❜❡ r❡❜✉✐❧t ❢r♦♠ t❤❡
✈❛r✐❛❜❧❡s i ❛♥❞ j✱ ❜✉t t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ ❡①♣r❡ss t❤❡♠ ✐♥ t❤❡ s♦❧✉t✐♦♥✳ ■♥
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✾
♣❛rt✐❝✉❧❛r✱ ✐♥ t❤✐s ❡①❛♠♣❧❡✱ t❤❡ ♥❡✇ ♣❛r❛♠❡t❡r k ✐s ✐♥tr♦❞✉❝❡❞ ♦♥❧② t♦ s♣❡❝✐❢② J
❛♥❞ t♦ ❡①♣r❡ss t❤❡ ✢♦♦r ❢✉♥❝t✐♦♥✱ ✇❤✐❝❤ ✐s ♥♦t ❛✣♥❡✳ ■❢ ✇❡ r❡♠♦✈❡ t❤❡s❡ ✉s❡❧❡ss
✈❛r✐❛❜❧❡s✱ t❤❡ ◗❯❆❙❚ ❝❛♥ ✜rst ❜❡ s✐♠♣❧✐✜❡❞ ✐♥t♦✿
✐❢ ✭−10I +N −m ≥ 0✮
✐❢ ✭10I −N +m+ 9 ≥ 0✮ ✴✯ ✈❡rt✐❝❛❧ ❜❛♥❞ ♦❢ ❡❧❡♠❡♥ts✱ ✜rst t✐❧❡✱ ✐✳❡✳✱ J = 0 ✯✴
(i, j) = (0,m)
❡❧s❡ ⊥
❡❧s❡
✐❢ ✭−10I + 2N −m ≥ 0✮
✐❢ ✭−10I +N −m+ 9 ≥ 0✮ ✴✯ ❤♦r✐③♦♥t❛❧ ❜❛♥❞ ♦❢ ❡❧❡♠❡♥ts✱ ✜rst t✐❧❡ ✯✴
(i, j) = (10I −N +m,N − 10I)
❡❧s❡ ✇✐t❤ k = ⌊N+9m+9
10
⌋ ✴✯ ❣❡♥❡r✐❝ ❤♦r✐③♦♥t❛❧ ❝❛s❡ ✯✴
(i, j) = (10I −N +m,N − 10I)
❡❧s❡ ⊥ ✴✯ ♠❡❛♥s ✉♥❞❡✜♥❡❞ ✯✴
❚❤❡♥✱ t❤✐s ◗❯❆❙❚ ❝❛♥ ❜❡ ❢✉rt❤❡r s✐♠♣❧✐✜❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡
✐❢ p t❤❡♥ x ❡❧s❡ x ≡ x ✭✶✮
❛s ♣r♦♣♦s❡❞ ✐♥ ❬✶✹❪✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ◗❯❆❙❚ ❢♦r ❋✐rst❖♣❘❡❛❞(m)✳
✐❢ ✭−10I +N −m ≥ 0✮
✐❢ ✭10I −N +m+ 9 ≥ 0✮
(i, j) = (0,m) ✴✯ ✈❡rt✐❝❛❧ ♣♦rt✐♦♥ ♦❢ c ✯✴
❡❧s❡ ⊥
❡❧s❡
✐❢ ✭−10I + 2N −m ≥ 0✮
(i, j) = (10I −N +m,N − 10I) ✴✯ ❤♦r✐③♦♥t❛❧ ♣♦rt✐♦♥ ♦❢ c ✯✴
❡❧s❡ ⊥ ✴✯ ♠❡❛♥s ✉♥❞❡✜♥❡❞ ✯✴
❚❤❛♥❦s t♦ t❤✐s ✈❛r✐❛❜❧❡ ❡❧✐♠✐♥❛t✐♦♥ ❛♥❞ s✐♠♣❧✐✜❝❛t✐♦♥✱ t❤❡ ✜♥❛❧ s♦❧✉t✐♦♥ ❤❛s ♥♦
❛❞❞✐t✐♦♥❛❧ ♣❛r❛♠❡t❡r ✭s✉❝❤ ❛s k✮✳ ❚❤✐s ♠❛② ♥♦t ❜❡ t❤❡ ❝❛s❡ ✐♥ ❣❡♥❡r❛❧✳ 
✷✳✷✳✷ ❙✐♠♣❧✐✜❝❛t✐♦♥ ❛♥❞ ✐♥✈❡rs✐♦♥ ♦❢ ◗❯❆❙❚s
❆s ♠❡♥t✐♦♥❡❞ ❡❛r❧✐❡r✱ t❤❡ ♠✐♥✐♠✉♠ ♦❢ t✇♦ ◗❯❆❙❚s ✐s ❛ ◗❯❆❙❚✳ ■t ❝❛♥ ❜❡
♦❜t❛✐♥❡❞ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ❝♦♠❜✐♥❛t✐♦♥ r✉❧❡s ❬✶✹❪✿
min(Q, ✐❢ p t❤❡♥ Q1 ❡❧s❡ Q2) ≡ ✐❢ p t❤❡♥ min(Q,Q1) ❡❧s❡ min(Q,Q2) ✭✷✮
✇❤❡r❡ Q✱ Q1✱ ❛♥❞ Q2 ❛r❡ ◗❯❆❙❚s✳ ❚❤❡ s②♠♠❡tr✐❝ r✉❧❡ ✐s ❛❧s♦ ✉s❡❞ t♦ ❝♦♠❜✐♥❡
◗❯❆❙❚s✳ P❛rt✐❝✉❧❛r ❝❛s❡s ❝❛♥ ❛❧s♦ ❜❡ ❡①♣❧♦✐t❡❞ ❛s ❢♦r ❡①❛♠♣❧❡✿
min(✐❢ p t❤❡♥ Q1 ❡❧s❡ Q2, ✐❢ p t❤❡♥ Q3 ❡❧s❡ Q4)
≡ ✐❢ p t❤❡♥ min(Q1, Q3) ❡❧s❡ min(Q2, Q4)
❚❤❡ ♣r❡✈✐♦✉s r✉❧❡s ❛r❡ ✉s❡❞ t♦ ❝♦♠❜✐♥❡ ✐♥t❡r♥❛❧ ♥♦❞❡s ♦❢ t❤❡ ◗❯❆❙❚s✳ ❚♦
❝♦♠♣❛r❡ ❧❡❛✈❡s✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ❛r❡ ✉s❡❞✿
min(⊥, Q) = min(Q,⊥) = Q ❛♥❞ min(~i,~j) ≡ ✐❢ ✭~i ≪ ~j✮ t❤❡♥ ~i ❡❧s❡ ~j ✭✸✮
✐❢ ~i ❛♥❞ ~j ❛r❡ t✇♦ ✈❡❝t♦r s♦❧✉t✐♦♥s ❛♥❞ ≪ ✐s t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♦r❞❡r✳ ❚❤✐s ❧❡①✲
✐❝♦❣r❛♣❤✐❝ ♦r❞❡r ✐s ✐ts❡❧❢ ❡①♣r❡ss❡❞ ❛s ❛ tr❡❡ ♦❢ ❛✣♥❡ ❝♦♥❞✐t✐♦♥s s✐♥❝❡ ~i ❛♥❞ ~j
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✶✵
❛r❡ ❡①♣r❡ss❡❞ ❛s ❛✣♥❡ ❢✉♥❝t✐♦♥s ♦❢ ♣❛r❛♠❡t❡rs✳ ❲❤❡♥ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❝❛♥
❜❡ st❛t✐❝❛❧❧② ❡✈❛❧✉❛t❡❞ ✇✐t❤✐♥ t❤❡ ❣✐✈❡♥ ❝♦♥t❡①t✱ t❤❡ r✐❣❤t s♦❧✉t✐♦♥ ❧❡❛❢ ✐s ❞✐✲
r❡❝t❧② ♣❧✉❣❣❡❞✳ ❙✐♠✐❧❛r❧②✱ ❞❡❛❞ s♦❧✉t✐♦♥s✱ ✐✳❡✳✱ t❤♦s❡ r❡❛❝❤❡❞ ❜② ❛ ♣❛t❤ ❞❡✜♥✐♥❣
❛♥ ❡♠♣t② ♣♦❧②❤❡❞r♦♥ ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❛♥❞ r❡♣❧❛❝❡❞ ❜② t❤❡ s②♠❜♦❧ ⊥✳ ▼♦r❡
s♦♣❤✐st✐❝❛t❡❞ s✐♠♣❧✐✜❝❛t✐♦♥s ❛r❡ ♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ t❤❡ r❡❞✉♥❞❛♥❝② ✐♥ t❤❡ ♣❛✲
r❛♠❡t❡r ❝♦♥❞✐t✐♦♥s ✭s❡❡ ❬✶✼❪ ❢♦r ♠♦r❡ ❛❞✈❛♥❝❡❞ t❡❝❤♥✐q✉❡s✮✳ ❈♦♠❜✐♥❡❞ ✇✐t❤ t❤❡
r✉❧❡ ♦❢ ❊q✉❛t✐♦♥ ✶✱ t❤❡s❡ ♠❡❝❤❛♥✐s♠s ❤❡❧♣ s✐♠♣❧✐❢②✐♥❣ t❤❡ ◗❯❆❙❚✳
❖♥❝❡ ❜✉✐❧t✱ ❛ ◗❯❆❙❚ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛♥❞ ✉s❡❞ ✐♥ ❞✐✛❡r❡♥t ✇❛②s✱ ❜②
❝❤❛♥❣✐♥❣ t❤❡ r♦❧❡ ♦❢ ✉♥❦♥♦✇♥s ❛♥❞ ♣❛r❛♠❡t❡rs✳ ❇② ❝♦♥str✉❝t✐♦♥✱ t❤❡ ✐♥❡q✉❛❧✲
✐t✐❡s ✐♥✈♦❧✈❡❞ ✐♥ ❛ ◗❯❆❙❚ ❞❡s❝r✐❜❡ t❤❡ s❡t ♦❢ ♣❛r❛♠❡t❡rs ❛s ❛ ✉♥✐♦♥ ♦❢ ❞✐s✲
❥♦✐♥t s✉❜s❡ts✳ ❊❛❝❤ ♣❛t❤ t♦ ❛ ❧❡❛❢ ❞❡s❝r✐❜❡s s✉❝❤ ❛ s✉❜s❡t✳ ■❢ t❤❡ ♣❛t❤ ❞♦❡s
♥♦t ❝♦♥t❛✐♥ ❛♥② ♥❡✇ ♣❛r❛♠❡t❡r✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s✉❜s❡t ✐s t❤❡ ✐♥t❡❣❡r ♣♦✐♥ts
✐♥ ❛ ♣♦❧②❤❡❞r♦♥✱ ♦t❤❡r✇✐s❡ ✐t ✐s ❛ ❧✐♥❡❛r❧②✲❜♦✉♥❞❡❞ ❧❛tt✐❝❡ ✭▲❇▲✮✱ ✐✳❡✳✱ t❤❡
♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣❡r ♣♦✐♥ts ✐♥ ❛ ♣♦❧②❤❡❞r♦♥✳ ■♥ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱
t❤❡ ✜♥❛❧ ◗❯❆❙❚ ❞❡❝♦♠♣♦s❡s t❤❡ s❡t ♦❢ ❛❧❧ ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✐♥t♦ t❤r❡❡ ❞✐s✲
❥♦✐♥t s✉❜s❡ts✿ {(I,N,m) | 0 ≤ m ≤ 2N, 0 ≤ 10I ≤ N − m ≤ 10I + 9}✱
{(I,N,m) | 0 ≤ m ≤ 2N, 1 ≤ m + 10I − N ≤ N, 0 ≤ 10I ≤ N}✱ ❛♥❞ t❤❡
r❡st ❢♦r ✇❤✐❝❤ t❤❡r❡ ✐s ♥♦ r❡❛❞ t♦ ❛ ❝❡❧❧ m ♦❢ ❛rr❛② c✳ ◆♦✇✱ ❝♦♥s✐❞❡r✐♥❣ m ❛s
❛♥ ✉♥❦♥♦✇♥✱ ✐♥ t❤❡ ❝♦♥t❡①t 0 ≤ 10I ≤ N ✱ t❤✐s ❞❡❝♦♠♣♦s✐t✐♦♥ ❛❧s♦ s♣❡❝✐✜❡s t❤❡
❛rr❛② ❝❡❧❧s m t❤❛t ❛r❡ r❡❛❞✱ ❛s ❛ ✉♥✐♦♥ ♦❢ ♣♦❧②❤❡❞r❛ ♣❛r❛♠❡t❡r✐③❡❞ ❜② I ❛♥❞ N ✿
{m | max(0, N−10I−9) ≤ m ≤ N−10I}∪{m | N−10I+1 ≤ m ≤ 2N−10I}
❋♦r ❡❛❝❤ s✉❜s❡t✱ t❤❡ ✐t❡r❛t✐♦♥ ❋✐rst❖♣❘❡❛❞(m) r❡s♣♦♥s✐❜❧❡ ❢♦r t❤❡ ✜rst r❡❛❞ ✐s
s♣❡❝✐✜❡❞ ❜② ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥✱ ❛s ❣✐✈❡♥ ♣r❡✈✐♦✉s❧②✳
❚❤✐s tr✐❝❦ ♦❢ ❝❤❛♥❣✐♥❣ t❤❡ st❛t✉s ♦❢ ♣❛r❛♠❡t❡rs ✐♥t♦ ✉♥❦♥♦✇♥s✱ ♦r t❤❡ ❝♦♥✲
✈❡rs❡✱ ✐s ♦♥❡ ♦❢ t❤❡ ❦❡② ♦❢ t❤❡ ❛❧❣♦r✐t❤♠s ✇❡ ♣r❡s❡♥t ❧❛t❡r✳ ❋♦r ❡①❛♠♣❧❡✱ ✇❡ ❝❛♥
❞❡✜♥❡✱ ❢♦r ❡❛❝❤ t✐❧❡ ✐♥❞❡①❡❞ ❜② T ✱ t❤❡ s❡t ♦❢ ♠❡♠♦r② ❝❡❧❧s m ✇❤♦s❡ ✜rst r❡❛❞
♦❝❝✉rs ✐♥ T ✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② ♣✉tt✐♥❣ t❤❡ t✐❧✐♥❣ ✐♥❡q✉❛❧✐t✐❡s ❜❛❝❦✳ ❋♦r
❡①❛♠♣❧❡✱ ✐❢ t✐❧❡s ❛r❡ ❞❡✜♥❡❞ ❛❧♦♥❣ t❤❡ ❛①✐s t❤❛t ❞❡✜♥❡ ♦♣❡r❛t✐♦♥s✿







= {m | bT ≤ ❋✐rst❖♣❘❡❛❞(m) ≤ bT + b− 1}
❇❛❝❦ t♦ ♠❛✐♥ ❡①❛♠♣❧❡
■♥ ❙❡❝t✐♦♥ ✷✳✷✳✶✱ ✇❡ ❢♦✉♥❞ t❤❛t ❋✐rst❖♣❘❡❛❞(m) ✇❛s ❞❡✜♥❡❞ ❛s✿
❋✐rst❖♣❘❡❛❞(m) = {(i, j) | (i, j) = (0,m), max(0, N − 10I − 9) ≤ m ≤ N − 10I}
∪ {(i, j) | (i, j) = (10I −N +m,N − 10I), N − 10I + 1 ≤ m ≤ 2N − 10I}
✇❤❡r❡ i ❛♥❞ j ❛r❡ t❤❡ ♦r✐❣✐♥❛❧ ❧♦♦♣ ✐♥❞✐❝❡s✳ ●✐✈❡♥ t❤❡ s❝❤❡❞✉❧❡ θ(i, j) = (N−j, i)✱
✇❡ ♥♦✇ ✐♥❝♦r♣♦r❛t❡ J = T = ⌊ i
b
⌋ ❛s ❛ ♣❛r❛♠❡t❡r✱ ✇❡ ❝♦♥s✐❞❡r m ❛s ❛♥ ✉♥❦♥♦✇♥✱
❛♥❞ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①♣r❡ss✐♦♥ ❢♦r ❋✐rst❘❡❛❞■♥❚✐❧❡(T )✿
{m | (i, j) = (0,m), max(0, N − 10I − 9) ≤ m ≤ N − 10I, 10T ≤ i ≤ 10T + 9}∪
{m | (i, j) = (10I −N +m,N − 10I), N + 1 ≤ m+ 10I ≤ 2N, 10T ≤ i ≤ 10T + 9}
❛♥❞✱ ❛❢t❡r s✐♠♣❧✐✜❝❛t✐♦♥s✿
❋✐rst❘❡❛❞■♥❚✐❧❡(T ) = {m | max(0, N − 10I − 9) ≤ m ≤ N − 10I, T = 0}
∪ {m | max(1, 10T ) ≤ m+ 10I −N ≤ min(N, 10T + 9)}
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✶✶
❚❤✐s ❡①♣r❡ss✐♦♥ ❣✐✈❡s ✐♥ ❛ ♣❛r❛♠❡tr✐❝ ❢❛s❤✐♦♥✱ ❢♦r ❡❛❝❤ t✐❧❡ T ✱ t❤❡ s❡t ♦❢ ❞❛t❛ m
t❤❛t ❛r❡ ❛❝❝❡ss❡❞ ❛s ❛ r❡❛❞ ❢♦r t❤❡ ✜rst t✐♠❡ ✐♥ t❤❡ t✐❧❡ str✐♣ ✐♥❞❡①❡❞ ❜② I✳ 
❲❡ ✇✐❧❧ ✉s❡ s✉❝❤ ❛♥ ✐♥✈❡rs✐♦♥ ♠❡❝❤❛♥✐s♠ t♦ ❣♦ ❢r♦♠ ❛♥ ❡①♣r❡ss✐♦♥ s✉❝❤ ❛s
❋✐rst❚✐❧❡❘❡❛❞(m)✱ ✇❤✐❝❤ ♠❛♣s ♠❡♠♦r② ❝❡❧❧s m t♦ t✐❧❡s T ✱ t♦ ❛♥ ❡①♣r❡ss✐♦♥ s✉❝❤
❛s ❋✐rst❘❡❛❞■♥❚✐❧❡(T )✱ ✇❤✐❝❤ ♠❛♣s t✐❧❡s T t♦ ♠❡♠♦r② ❝❡❧❧s m✳ ❆❝t✉❛❧❧②✱ t❤❡
s❛♠❡ ♠❡❝❤❛♥✐s♠ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡ ✐♥✈❡rs❡ ♦❢ ❛♥② ◗❯❆❙❚✳ ■♥❞❡❡❞✱
❝♦♥s✐❞❡r ❛ ◗❯❆❙❚ f(~z) ✇❤❡r❡ t❤❡ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs ~z ✐s ❞❡❝♦♠♣♦s❡❞ ✐♥ t✇♦
♣❛rts✿ ~z = (~u,~v)✳ ❚❤❡ ✐♥✈❡rs❡ ♦❢ f ✇✐t❤ r❡s♣❡❝t t♦ ~v✱ ❢♦r ❛ ✜①❡❞ ✈❛❧✉❡ ♦❢ ~u✱ ✐s t❤❡
s❡t g(~w) = {~v | f(~z) = ~w} ✇❤❡r❡ (~u, ~w) ✐s t❤❡ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs✳ ❘❡♠❡♠❜❡r
t❤❛t ❛ ◗❯❆❙❚ ❛❧s♦ ❞❡✜♥❡s f(~z) t❤r♦✉❣❤ ❛ ✉♥✐♦♥ ♦❢ ❞✐s❥♦✐♥t ▲❇▲s✿
f(~z) = ∪1≤i≤n{fi(~z,~ki) | ∃~ki s✳t✳ Pi(~z,~ki)}
✇❤❡r❡ ~ki ❞❡♥♦t❡s t❤❡ ♥❡✇ ♣❛r❛♠❡t❡rs ✐♥tr♦❞✉❝❡❞ ✐♥ t❤❡ ♣❛t❤ ❧❡❛❞✐♥❣ t♦ t❤❡ it❤
❧❡❛❢✱ Pi ❛ s❡t ♦❢ ✐♥❡q✉❛❧✐t✐❡s ♦♥ t❤✐s ♣❛t❤ ✭✐✳❡✳✱ ✐t ❞❡✜♥❡s ❛ ♣♦❧②❤❡❞r♦♥✮✱ ❛♥❞ fi ✐s
❛✣♥❡✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ~ki ✐s ✉♥✐q✉❡❧② ❞❡✜♥❡❞ ❢r♦♠ ~z ✭✐❢ ♥♦t✱ f(~z) ✐s ❛ s❡t ❛♥❞
♥♦t ❛ s✐♥❣❧❡t♦♥✮ ❜✉t t❤✐s ❢❡❛t✉r❡ ✐s ♥♦t ♥❡❡❞❡❞ ❢♦r t❤❡ ✐♥✈❡rs✐♦♥✳ ❲❡ ❣❡t✿
g(~w) = ∪1≤i≤n{~v | ∃~ki s✳t✳ Pi(~z,~ki) ❛♥❞ fi(~z,~ki) = ~w}
❲✐t❤ ~x = (~u, ~w) t❤❡ ♥❡✇ ✈❡❝t♦r ♦❢ ♣❛r❛♠❡t❡rs ❛♥❞ Qi(~x,~v,~ki) t❤❡ s②st❡♠ ♦❢
✐♥❡q✉❛❧✐t✐❡s ❞❡✜♥❡❞ ❜② Pi(~u,~v,~ki)∪{fi(~u,~v,~ki) = ~w}✱ ✇❤✐❝❤ ❛r❡ ❛✣♥❡ ❜❡❝❛✉s❡ fi
✐s ❛✣♥❡✱ g(~w) ✐s ❞❡✜♥❡❞ ❛s ❛ ✉♥✐♦♥ ♦❢ ▲❇▲s✱ ♣❛r❛♠❡t❡r✐③❡❞ ❜② ~x = (~u, ~w)✿
g(~w) = ∪1≤i≤n{~v | ∃~ki s✳t✳ Qi(~x,~v,~ki)}
❚❤❡ ▲❇▲s ❝♦♠♣♦s✐♥❣ t❤✐s ✉♥✐♦♥ ❛r❡ ❞✐s❥♦✐♥t ❜❡❝❛✉s❡ {~v | ∃~ki s✳t✳ Qi(~x,~v,~ki)} ✐s
❛ s✉❜s❡t ♦❢ t❤❡ ▲❇▲ {~v | ∃~ki s✳t✳ Pi(~u,~v,~ki)} ❛♥❞ t❤❡s❡ ▲❇▲s✱ ❜② ❝♦♥str✉❝t✐♦♥
♦❢ t❤❡ ◗❯❆❙❚✱ ❢♦r♠❡❞ ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ✐♥ t❤❡ s❡t ♦❢ ❛❧❧ ✈❡❝t♦rs ~z = (~u,~v)✳
❚♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ t❤✐s ✐♥✈❡rs✐♦♥ ♣r✐♥❝✐♣❧❡✱ ✇❤✐❝❤ ❞❡r✐✈❡s ❞✐r❡❝t❧② ❢r♦♠ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ ❛ ♣❛r❛♠❡tr✐❝ ♣♦❧②❤❡❞r♦♥ ✭✇❤❡r❡ ✉♥❦♥♦✇♥ ❛♥❞ ♣❛r❛♠❡t❡rs ❛r❡
s❡♠❛♥t✐❝❛❧❧②✱ ❜✉t ♥♦t str✉❝t✉r❛❧❧②✱ ❞✐st✐♥❣✉✐s❤❡❞✮ ❛♥❞ ❢r♦♠ t❤❡ str✉❝t✉r❡ ♦❢
◗❯❆❙❚s✱ ❤❛s ♥♦t ❜❡❡♥ ❡①♣❧♦✐t❡❞ s♦ ❢❛r✳ ❲❡ ✇✐❧❧ ✉s❡ ✐t ✐♥ ❙❡❝t✐♦♥s ✸✳✸ ❛♥❞ ✹✳
✸ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❝♦❛❧❡s❝✐♥❣✿ ❡①❛❝t ❝❛s❡
❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ❛ ♠❡t❤♦❞ t♦ s❡❧❡❝t t❤❡ ❛rr❛② r❡❣✐♦♥s t♦ ❜❡ ❧♦❛❞❡❞ ❢r♦♠
❛♥❞ st♦r❡❞ t♦ t❤❡ ❡①t❡r♥❛❧ ❉❉❘ ♠❡♠♦r② ❢♦r ❡❛❝❤ t✐❧❡✳ ❚❤✐s st❡♣ ✐♠♣❛❝ts t✇♦
✐♠♣♦rt❛♥t ❝r✐t❡r✐❛✿ ❛✮ t❤❡ ❛♠♦✉♥t ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥s ✇✐t❤ t❤❡ ❉❉❘ ❛♥❞ ❜✮ t❤❡
s✐③❡ ♦❢ t❤❡ ❧♦❝❛❧ ♠❡♠♦r②✳ ❆t ✜rst ❣❧❛♥❝❡✱ ✐t ♠❛② s❡❡♠ t❤❛t t❤❡s❡ ❝r✐t❡r✐❛ ❛r❡
❛♥t❛❣♦♥✐st✐❝✳ ❆❝t✉❛❧❧②✱ ✇✐t❤ ♦✉r s❝❤❡♠❡✱ ❜♦t❤ ❝❛♥ ❜❡ r❡❞✉❝❡❞ ❛t t❤❡ s❛♠❡ t✐♠❡✳
❚♦ ♣❡r❢♦r♠ ❞❛t❛ tr❛♥s❢❡rs✱ s❡✈❡r❛❧ s♦❧✉t✐♦♥s ❛r❡ ♣♦ss✐❜❧❡✳ ❚❤❡ ♠♦st ♥❛✐✈❡
♦♥❡ ✐s t♦ ❛❝❝❡ss t❤❡ ❉❉❘ ❡❛❝❤ t✐♠❡ ❛ ❞❛t❛ ❛❝❝❡ss ✐s ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❝♦❞❡✳ ❚❤✐s
s♦❧✉t✐♦♥ ❞♦❡s ♥♦t r❡q✉✐r❡ ❛♥② ❧♦❝❛❧ ♠❡♠♦r② ❜✉t ✐s ✈❡r② ✐♥❡✣❝✐❡♥t✿ t❤❡ ❧❛t❡♥❝②
t♦ t❤❡ ❉❉❘ ❤❛s t♦ ❜❡ ♣❛✐❞ ❢♦r ❡❛❝❤ ❛❝❝❡ss✱ ✇❤✐❝❤ t❛❦❡s r♦✉❣❤❧② ✹✵✵ ♥s ♦♥ ♦✉r
♣❧❛t❢♦r♠✳ ❆❝❝❡ss❡s ♠✉st t❤❡r❡❢♦r❡ ❜❡ ♣✐♣❡❧✐♥❡❞ ✭❛ ❢❡❛t✉r❡ ❛✈❛✐❧❛❜❧❡ ✐♥ ❆❧t❡r❛
❍▲❙ t♦♦❧ ❈✷❍✮ s♦ t❤❛t t❤❡ ❛❝❝❡❧❡r❛t♦r t❤r♦✉❣❤♣✉t ♥♦✇ ❞❡♣❡♥❞s ♥♦t ♦♥ t❤❡
❉❉❘ ❧❛t❡♥❝②✱ ❜✉t ♦♥ ✐ts t❤r♦✉❣❤♣✉t✳ ■❢ s✉❝❝❡ss✐✈❡❧② ❛❝❝❡ss❡❞ ❞❛t❛ ❛r❡ ♥♦t ✐♥
t❤❡ s❛♠❡ ❉❉❘ r♦✇✱ t❤❡ ❛❝❝❡❧❡r❛t♦r ✐s t❤❡♥ ❛❜❧❡ t♦ r❡❝❡✐✈❡ ✸✷ ❜✐ts ❡✈❡r② ✽✵ ♥s✳
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✶✷
❍♦✇❡✈❡r✱ ✐❢ ❞❛t❛ ❛❝❝❡ss❡s ❛r❡ r❡♦r❣❛♥✐③❡❞ ❜② ❜❧♦❝❦s ♦♥ t❤❡ s❛♠❡ r♦✇✱ t❤❛♥❦s t♦
❧♦♦♣ t✐❧✐♥❣✱ t❤❡ ❛❝❝❡❧❡r❛t♦r ❝❛♥ ✇♦r❦ ❛t ❢✉❧❧ r❛t❡✱ ✐✳❡✳✱ ✐t ❝❛♥ r❡❝❡✐✈❡ ✸✷ ❜✐ts ❡✈❡r②
✶✵ ♥s✳ ❇✉t t♦ s✉st❛✐♥ t❤✐s r❛t❡ ❛♥❞ ♥♦t ♣❛② ❛♥② ❉❉❘ ❧❛t❡♥❝②✱ ❝♦♠♠✉♥✐❝❛t✐♦♥s
♠✉st ❜❡ ❢✉❧❧② ♣✐♣❡❧✐♥❡❞✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡ t❤❛♥❦s t♦ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦❛❧❡s❝✐♥❣✱
✇❤✐❝❤ ❛♠♦✉♥ts t♦ ❤♦st tr❛♥s❢❡rs ♦✉t ♦❢ ❛ t✐❧❡ ❛♥❞ r❡❣r♦✉♣ t❤❡ s❛♠❡ ❛❝❝❡ss❡s
t♦ ❡❧✐♠✐♥❛t❡ r❡❞✉♥❞❛♥❝②✳ ❈♦♠♠✉♥✐❝❛t✐♦♥ ❝♦❛❧❡s❝✐♥❣ ✐s ❛ ❝♦♠♠♦♥ ♦♣t✐♠✐③❛t✐♦♥
✐♥ ❝♦♠♣✐❧❡rs ♦❢ ♣❛r❛❧❧❡❧ ❧❛♥❣✉❛❣❡s ❬✼✱ ✽❪✳ ❍♦✇❡✈❡r✱ t❤❡ ❢♦r♠ ♦❢ ❝♦♠♠✉♥✐❝❛t✐♦♥
❝♦❛❧❡s❝✐♥❣ ✇❡ ❞❡✈❡❧♦♣ ❤❡r❡ ✐s ♠♦r❡ ❣❡♥❡r❛❧ ❛s ✐t ❡①♣❧♦✐ts ♥♦t ♦♥❧② ✐♥tr❛✲t✐❧❡ r❡✉s❡
❜✉t ❛❧s♦ ✐♥t❡r✲t✐❧❡ r❡✉s❡✱ ❡✈❡♥ ✐❢ ❞❛t❛ ❞❡♣❡♥❞❡♥❝❡s ❡①✐st ❜❡t✇❡❡♥ t✐❧❡s✳
❚♦ ❡①♣❧♦✐t ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦❛❧❡s❝✐♥❣✱ s❡✈❡r❛❧ ❛♣♣r♦❛❝❤❡s ❛r❡ ❛❣❛✐♥ ♣♦ss✐❜❧❡✱
❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡♥ tr❛♥s❢❡rs ❛r❡ ♣❡r❢♦r♠❡❞✳ ❚❤❡ ✜rst ♦♥❡ ✐s t♦ ❧♦❛❞✱ ❥✉st ❜❡❢♦r❡
❡①❡❝✉t✐♥❣ ❛ t✐❧❡✱ ❛❧❧ t❤❡ ❞❛t❛ r❡❛❞ ✐♥ t❤❡ t✐❧❡✱ t❤❡♥ t♦ st♦r❡ t♦ t❤❡ ❉❉❘ ❛❧❧
❞❛t❛ ✇r✐tt❡♥ ✐♥ t❤❡ t✐❧❡✳ ❚❤✐s s♦❧✉t✐♦♥✱ ❛❧t❤♦✉❣❤ ❝♦rr❡❝t✱ ✇♦✉❧❞ ♥♦t ❡①♣❧♦✐t
❞❛t❛ r❡✉s❡ ❛♥❞✱ ✉♥❧❡ss ♥♦ ❞❛t❛✲✢♦✇ ❞❡♣❡♥❞❡♥❝❡ ❡①✐sts ❜❡t✇❡❡♥ s✉❝❝❡ss✐✈❡ t✐❧❡s✱
✇♦✉❧❞ ❢♦r❜✐❞ t♦ ♦✈❡r❧❛♣ ❝♦♠♣✉t❛t✐♦♥s ❛♥❞ ❝♦♠♠✉♥✐❝❛t✐♦♥s✳ ❚❤❡ ♦t❤❡r ❡①tr❡♠❡
s♦❧✉t✐♦♥ ✐s t♦ ✜rst ❧♦❛❞ ❛❧❧ ❞❛t❛ ♥❡❡❞❡❞ ✐♥ ❛ t✐❧❡ str✐♣✱ t❤❡♥ t♦ ❡①❡❝✉t❡ ❛❧❧ t✐❧❡s
✐♥ t❤❡ str✐♣✱ ❜❡❢♦r❡ ✜♥❛❧❧② st♦r✐♥❣ t♦ t❤❡ ❉❉❘ ❛❧❧ ❞❛t❛ ♣r♦❞✉❝❡❞ ❜② t❤❡ str✐♣✳
❚❤✐s ✇♦✉❧❞ ❡①♣❧♦✐t ❞❛t❛ r❡✉s❡ ❜✉t ✇♦✉❧❞ r❡q✉✐r❡ ❛ ❧❛r❣❡ ❧♦❝❛❧ ♠❡♠♦r② t♦ st♦r❡
❛❧❧ ♥❡❡❞❡❞ ❞❛t❛✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✇♦✉❧❞ ❤❛✈❡ t♦ ✇❛✐t ❢♦r ❛❧❧ ❞❛t❛
t♦ ❛rr✐✈❡ ❜❡❢♦r❡ st❛rt✐♥❣✳ ❚❤❡ str❛t❡❣② ✇❡ ❢♦r♠❛❧✐③❡ ✐♥ t❤✐s s❡❝t✐♦♥ ❝♦♥s✐sts ✐♥
s❡♥❞✐♥❣ ❧♦❛❞ ❛♥❞ st♦r❡ r❡q✉❡sts t♦ t❤❡ ❉❉❘ ♦♥❧② ✇❤❡♥ ♥❡❡❞❡❞✳ ❋♦r ❡❛❝❤ t✐❧❡✱
✇❡ ❧♦❛❞ ❢r♦♠ t❤❡ ❉❉❘ t❤❡ ❞❛t❛ r❡❛❞ ❢♦r t❤❡ ✜rst t✐♠❡ ✐♥ t❤❡ ❝✉rr❡♥t t✐❧❡ str✐♣
❛♥❞ ✇❡ st♦r❡ t♦ t❤❡ ❉❉❘ t❤❡ ❞❛t❛ ✇r✐tt❡♥ ❢♦r t❤❡ ❧❛st t✐♠❡ ✐♥ t❤❡ ❝✉rr❡♥t t✐❧❡
str✐♣✳ ▼❡❛♥✇❤✐❧❡✱ t❤❡ ❞❛t❛ ✐s ❦❡♣t ❛♥❞ ✉s❡❞ ✭r❡❛❞ ❛♥❞ ✇r✐tt❡♥✮ ✐♥ t❤❡ ❧♦❝❛❧
♠❡♠♦r②✱ ❡①♣❧♦✐t✐♥❣ ❞❛t❛ r❡✉s❡✳ ❆s ❛ ❜♦♥✉s✱ t❤❡ ♠❡t❤♦❞ ❤❛♥❞❧❡s ♥❛t✉r❛❧❧② t❤❡
❝❛s❡ ✇❤❡r❡ ❞❡♣❡♥❞❡♥❝❡s ❡①✐st ❜❡t✇❡❡♥ ❝♦♥s❡❝✉t✐✈❡ t✐❧❡s ♦❢ ❛ t✐❧❡ str✐♣✳ ■♥❞❡❡❞✱ ❛s
t❤❡ ❞❛t❛ ❝♦♥❝❡r♥❡❞ ❜② t❤❡ ✐♥t❡r✲t✐❧❡ ❞❛t❛ ❞❡♣❡♥❞❡♥❝❡s ❛r❡ ❦❡♣t ✐♥ ❧♦❝❛❧ ♠❡♠♦r②✱
t❤❡ s❡q✉❡♥t✐❛❧ ❡①❡❝✉t✐♦♥ ♦❢ t✐❧❡s ❣✉❛r❛♥t❡❡s t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡ ♣r♦❣r❛♠✳
✸✳✶ ●❡♥❡r❛❧ s♣❡❝✐✜❝❛t✐♦♥
❋♦r ❛ t✐❧❡ T ✱ ❧❡t ■♥(T ) ❜❡ t❤❡ ❞❛t❛ r❡❛❞ ✐♥ T ✱ ❜✉t ♥♦t ❞❡✜♥❡❞ ❡❛r❧✐❡r ✐♥ t❤❡
t✐❧❡✱ ✐✳❡✳✱ ✉s❡❞ ✐♥ T ❛♥❞ ❧✐✈❡✲✐♥ ❢♦r T ✱ ❛♥❞ ❧❡t ❖✉t(T ) ❜❡ t❤❡ ❞❛t❛ ✇r✐tt❡♥ ✐♥ T ✳
❲❡ ✜rst ❛ss✉♠❡ ■♥(T ) ❛♥❞ ❖✉t(T ) t♦ ❜❡ ❡①❛❝t✳ ❚❤❡ ❝❛s❡ ✇❤❡r❡ ■♥(T ) ✐s ♦✈❡r✲
❛♣♣r♦①✐♠❛t❡❞ ❞♦❡s ♥♦t ❜r✐♥❣ ❛♥② ❞✐✣❝✉❧t②✳ ❍♦✇❡✈❡r✱ t❤❡ ❝❛s❡ ✇❤❡r❡ ❖✉t(T ) ✐s
♥♦t ❦♥♦✇♥ ❡①❛❝t❧② ✐s ♠♦r❡ ❝♦♠♣❧❡① ❛♥❞ ✇✐❧❧ ❜❡ ❛❞❞r❡ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳
❚♦ s✐♠♣❧✐❢② s❡t ❡q✉❛t✐♦♥s✱ ✇❡ ✉s❡ ❛ ❝♦♠♣❛❝t ♥♦t❛t✐♦♥ s✉❝❤ ❛s ▲♦❛❞(t ≤ T )
t♦ ❡①♣r❡ss ❛ ❣❡♥❡r✐❝ ✉♥✐♦♥ ♦❢ s❡ts✱ ❤❡r❡ ∪t≤T▲♦❛❞(t)✳ ❚❤❡ ✜rst ❧❡tt❡r ✐s ❛❧✇❛②s
t❤❡ ❢r❡❡ ✈❛r✐❛❜❧❡ ❛♥❞ t❤❡ s❡❝♦♥❞ ❛ ✜①❡❞ ✈❛❧✉❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❖✉t(t > T ) st❛♥❞s
❢♦r ∪t>T❖✉t(t) ❜✉t ❞♦❡s ♥♦t st❛♥❞ ❢♦r ∪t>T❖✉t(T )✳
❲❡ ♥♦✇ s♣❡❝✐❢② ▲♦❛❞(T ) ✭r❡s♣✳ ❙t♦r❡(T )✮✱ t❤❡ ❞❛t❛ t♦ ❜❡ ❧♦❛❞❡❞ ❢r♦♠ ✭r❡s♣✳
st♦r❡❞ t♦✮ t❤❡ ❉❉❘ ❥✉st ❜❡❢♦r❡ ✭r❡s♣✳ ❛❢t❡r✮ ❡①❡❝✉t✐♥❣ t❤❡ t✐❧❡ T ✳
❉❡✜♥✐t✐♦♥ ✶ ✭❱❛❧✐❞ ▲♦❛❞✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ t 7→ ▲♦❛❞(t) ✐s ✈❛❧✐❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢
✭✐✛✮ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞ ❢♦r ❛♥② t✐❧❡ T ✳
✭✐✮ ■♥(T ) \❖✉t(t < T ) ⊆ ▲♦❛❞(t ≤ T )✳
✭✐✐✮ ❖✉t(t < T ) ∩ ▲♦❛❞(T ) = ∅✳
❈♦♥❞✐t✐♦♥ ✭✐✮ ♠❡❛♥s t❤❛t ❛❧❧ t❤❡ ❞❛t❛ ♥❡❡❞❡❞ ❜② t❤❡ t✐❧❡ T ✱ ✐✳❡✳✱ t❤♦s❡ ✐♥♣✉t
t♦ T ❜✉t ♥♦t ♣r♦❞✉❝❡❞ ❜② ❛ ♣r❡✈✐♦✉s t✐❧❡✱ ❛r❡ ❧♦❛❞❡❞ ❥✉st ❜❡❢♦r❡ T ♦r ❡❛r❧✐❡r✳
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✶✸
❈♦♥❞✐t✐♦♥ ✭✐✐✮ ❡♥s✉r❡s t❤❛t ♥♦ ❞❛t❛ ❞❡✜♥❡❞ ❜② t❤❡ ❦❡r♥❡❧✱ t❤✉s ❛❧✐✈❡ ✐♥ t❤❡
❧♦❝❛❧ ♠❡♠♦r②✱ ✐s ♦✈❡r✇r✐tt❡♥ ❜② ❛ ❧♦❛❞✳ ❚❤✐s ❛r✐s❡s ✇❤❡♥ ❛ ❞❛t❛ ✐s ✇r✐tt❡♥ ✐♥
❛ ♣r❡✈✐♦✉s t✐❧❡ ❜❡❢♦r❡ ❜❡✐♥❣ r❡❛❞ ✐♥ t❤❡ ❝✉rr❡♥t t✐❧❡✳ ❲✐t❤♦✉t t❤✐s ❝♦♥❞✐t✐♦♥✱
s♦♠❡ ❞❛t❛ ✇♦✉❧❞ ❜❡ ❧♦❛❞❡❞ ❢r♦♠ t❤❡ ❉❉❘ ❛♥❞ ✇♦✉❧❞ ♦✈❡r✇r✐t❡ t❤❡ ❡①✐st✐♥❣
✈❛❧✉❡✱ ✇❤✐❝❤ ✐s ✐♥❝♦rr❡❝t✳ ❋✐❣✉r❡ ✸ ✐❧❧✉str❛t❡s ❉❡✜♥✐t✐♦♥ ✶✳ ❚❤❡ ❤♦r✐③♦♥t❛❧ ❛①✐s
r❡♣r❡s❡♥ts t❤❡ t✐❧❡ str✐♣✱ t❤❡ ✈❡rt✐❝❛❧ ❛①✐s r❡♣r❡s❡♥ts t❤❡ ❉❉❘ ♠❡♠♦r②✳ ❚❤❡ s❡ts
■♥✱ ❖✉t✱ ❛♥❞ ▲♦❛❞ ❛r❡ ❞❡♣✐❝t❡❞ ✐♥ ❜❧✉❡✱ r❡❞✱ ❛♥❞ ❣r❡❡♥ r❡s♣❡❝t✐✈❡❧②✳ ■♥ t❤❡ t✐❧❡s
T − 1 ❛♥❞ T ✱ s♦♠❡ ❞❛t❛ ❛❧r❡❛❞② ❧♦❛❞❡❞ ✐♥ t✐❧❡ T − 2 ❛r❡ ❧♦❛❞❡❞ ❛❣❛✐♥✿ t❤✐s ✐s
❝♦rr❡❝t ❛❧t❤♦✉❣❤ ✐t ✐s r❡❞✉♥❞❛♥t✳ ❍♦✇❡✈❡r✱ ✐♥ t✐❧❡ T ✱ ❧♦❛❞✐♥❣ ♠♦r❡ ✇♦✉❧❞ ❜❡
✐♥❝♦rr❡❝t ❛s s♦♠❡ ❞❛t❛ ♣r❡✈✐♦✉s❧② ❝♦♠♣✉t❡❞ ✭✐♥ r❡❞✮ ✇♦✉❧❞ ❜❡ ♦✈❡r✇r✐tt❡♥✳
❉❡✜♥✐t✐♦♥ ✷ ✭❱❛❧✐❞ ❙t♦r❡✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ t 7→ ❙t♦r❡(t) ✐s ✈❛❧✐❞ ✐✛ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ❤♦❧❞ ✭Tmax ✐s t❤❡ ❧❛st t✐❧❡ ♦❢ t❤❡ str✐♣✮✿
✭✐✮ ❖✉t(t ≤ Tmax) = ❙t♦r❡(t ≤ Tmax)✳
✭✐✐✮ ❙t♦r❡(T ) ∩❖✉t(t > T ) = ∅ ❢♦r ❛♥② t✐❧❡ T ✳
❉❡✜♥✐t✐♦♥ ✷ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳ ❈♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ♠❡❛♥ t❤❛t ✇❡
❡①♣❡❝t t♦ st♦r❡ ❡①❛❝t❧② t❤❡ ❞❛t❛ ❧♦❝❛❧❧② ♠♦❞✐✜❡❞✳ ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♠❡❛♥s t❤❛t ❛
❞❛t❛ ✐s st♦r❡❞ ❛❢t❡r ✐ts ❧❛st ✇r✐t❡✳ ❚❤✐s ✐s ❛❝t✉❛❧❧② str♦♥❣❡r t❤❛♥ ✇❤❛t ✐s r❡❛❧❧②
♥❡❡❞❡❞ ❢♦r ❛ ✈❛❧✐❞✐t② ❝♦♥❞✐t✐♦♥✱ ❛s ❛ ✈❛❧✉❡ ❝♦✉❧❞ ❜❡ st♦r❡❞ s❡✈❡r❛❧ t✐♠❡s✳ ❇✉t
t❤✐s ❛ss✉♠♣t✐♦♥ ✇✐❧❧ s✐♠♣❧✐❢② t❤❡ ♣r♦♦❢s✱ ✇✐t❤♦✉t ❤✉rt✐♥❣ t❤❡ ❝♦rr❡❝t♥❡ss ♦❢ t❤❡
✇❤♦❧❡ ❝♦♥str✉❝t✐♦♥✳ ❲❡ ❝♦✉❧❞ ❛❧s♦ ❞❡✜♥❡ ♠♦r❡ ❝♦♠♣❧❡① s❝❤❡♠❡s✱ ❛❧❧♦✇✐♥❣ ❢♦r
❡①❛♠♣❧❡ t♦ ❧♦❛❞ ❢r♦♠ t❤❡ ❉❉❘ ❛ ✈❛❧✉❡ ♠♦❞✐✜❡❞ ✐♥ t❤❡ t✐❧❡ str✐♣✳ ❇✉t ✇❡ ✇♦✉❧❞
♥❡❡❞ t♦ ❜❡ ❛❜❧❡ t♦ ❣✉❛r❛♥t❡❡ t❤❛t t❤✐s ✈❛❧✉❡ ✇❛s ❛❧r❡❛❞② st♦r❡❞ ✐♥ t❤❡ ❉❉❘ ❛♥❞
♥♦t ♠♦❞✐✜❡❞ ❛❣❛✐♥ ❜❡❢♦r❡ t❤❡ ❧♦❛❞✳ ❚❤✐s ✇♦✉❧❞ ❛❧s♦ ✐♠♣❧② ❛ ❝♦♠❜✐♥❡❞ ❞❡✜♥✐t✐♦♥
♦❢ t❤❡ ▲♦❛❞ ❛♥❞ ❙t♦r❡ ❢✉♥❝t✐♦♥s✱ ✇❤✐❝❤ ✇❡ ✇❛♥t t♦ ❛✈♦✐❞✳
■♥ ❉❡✜♥✐t✐♦♥ ✶✱ ❈♦♥❞✐t✐♦♥ ✭✐✮ ✇❛s ❛ s✐♠♣❧❡ ✐♥❝❧✉s✐♦♥✱ ✇❤✐❝❤ ❝❤❛r❛❝t❡r✐③❡s ❛❧❧
✈❛❧✐❞ s♦❧✉t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ t❤♦s❡ t❤❛t ❧♦❛❞ ❞❛t❛ ♣♦ss✐❜❧② s❡✈❡r❛❧ t✐♠❡s ❛♥❞ ❡✈❡♥
t❤♦s❡ t❤❛t ❧♦❛❞ ✉s❡❧❡ss ❞❛t❛✳ ❚❤❡ ♥❡①t ❞❡✜♥✐t✐♦♥ s♣❡❝✐✜❡s t❤❡ ❡①❛❝t s♦❧✉t✐♦♥s✱
✐✳❡✳✱ t❤♦s❡ t❤❛t ❛✈♦✐❞ ✉s❡❧❡ss ❧♦❛❞s✳ ◆♦t❡ t❤❛t ❈♦♥❞✐t✐♦♥ ✭✐✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥
✐♥t♦ ❛♥ ❡q✉✐✈❛❧❡♥t ❝♦♥❞✐t✐♦♥ ✐♥t♦ ∪t≤T {■♥(t) \❖✉t(t′ < t)} ⊆ ▲♦❛❞(t ≤ T )✳
❉❡✜♥✐t✐♦♥ ✸ ✭❊①❛❝t ▲♦❛❞✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ t 7→ ▲♦❛❞(t) ✐s ❡①❛❝t ✐✛ t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ❤♦❧❞ ✭Tmax ✐s t❤❡ ❧❛st t✐❧❡ ♦❢ t❤❡ str✐♣✮✿
✭✐✮ ❚❤❡ ❢✉♥❝t✐♦♥ t 7→ ▲♦❛❞(t) ✐s ✈❛❧✐❞✳
✭✐✐✮ ∪t≤Tmax {■♥(t) \❖✉t(t
′ < t)} = ▲♦❛❞(t ≤ Tmax)✳
✭✐✐✐✮ ▲♦❛❞(T ) ∩ ▲♦❛❞(T ′) = ∅ ❢♦r ❛♥② t✐❧❡ T 6= T ′✳
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❋✐❣✉r❡ ✸✿ ❱❛❧✐❞ ❧♦❛❞s ❢♦r ❛ ✷❉ ❡①❛♠♣❧❡✳
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✶✹
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❋✐❣✉r❡ ✹✿ ❱❛❧✐❞ st♦r❡s ❢♦r ❛ ✷❉ ❡①❛♠♣❧❡✳
❚❤❡ ❡q✉❛❧✐t② ✐♥ ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♠❡❛♥s t❤❛t ♥♦ ✉s❡❧❡ss ❞❛t❛ ✐s ❧♦❛❞❡❞✳ ❈♦♥❞✐✲
t✐♦♥ ✭✐✐✐✮ ♠❡❛♥s t❤❛t ❛❧❧ ▲♦❛❞(T ) ❛r❡ ❞✐s❥♦✐♥t ❛♥❞ t❤✉s ❢♦r❜✐❞s r❡❞✉♥❞❛♥t ❧♦❛❞s✱
✐✳❡✳✱ ❞❛t❛ ❧♦❛❞❡❞ s❡✈❡r❛❧ t✐♠❡s✱ ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✺✳ ❚❤✐s ♠❛② ✐♥❝r❡❛s❡ t❤❡
s✐③❡ ♦❢ t❤❡ ❧♦❝❛❧ ♠❡♠♦r② ❛s ✏❤♦❧❡s✑ ✐♥ t❤❡ ❧✐❢❡t✐♠❡ ♦❢ ❛♥ ❛rr❛② ❡❧❡♠❡♥t ❛r❡ ♥♦t
❡①♣❧♦✐t❡❞ ✭t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡♠♦r② ❧♦❝❛t✐♦♥ ❝❛♥♥♦t ❜❡ r❡✉s❡❞ ❢r♦♠ t❤❡ ✜rst
❛❝❝❡ss t♦ t❤❡ ❧❛st✮✳ ❇✉t✱ ❛❣❛✐♥✱ t❤✐s ❛ss✉♠♣t✐♦♥ s✐♠♣❧✐✜❡s ♦✉r ❣❡♥❡r❛❧ s❝❤❡♠❡✳
❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t ❉❡✜♥✐t✐♦♥ ✸ ❞♦❡s ♥♦t ②❡t ❢✉❧❧② s♣❡❝✐❢② ✇❤❡♥ ❛ ❞❛t❛ ✐s ❧♦❛❞❡❞✳
◆♦t❡ t❤❛t ❢♦r ❛♥ ❡①❛❝t ❧♦❛❞✱ ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶ ✐s r❡❞✉♥❞❛♥t✳
■♥❞❡❡❞✱ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts x s✉❝❤ t❤❛t x ∈ ▲♦❛❞(T ) ∩ ❖✉t(t < T )✳ ❆s
x ∈ ▲♦❛❞(T )✱ ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✸ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ❡①✐sts T ′ s✉❝❤ t❤❛t
x ∈ ■♥(T ′) ❛♥❞ x /∈ ❖✉t(t′ < T ′)✳ ❙✐♥❝❡ x ∈ ❖✉t(t < T )✱ T ′ < T ✳ ◆♦✇✱ ❜❡❝❛✉s❡
♦❢ ❈♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶ ❛♣♣❧✐❡❞ t♦ T ′✱ t❤❡r❡ ❡①✐sts T ′′ ≤ T ′ s✉❝❤ t❤❛t
x ∈ ▲♦❛❞(T ′′)✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts ❈♦♥❞✐t✐♦♥ ✭✐✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✸ ✇✐t❤ T ′′ ❛♥❞ T ✳
❉❡✜♥✐t✐♦♥ ✹ ✭❊①❛❝t ❙t♦r❡✮✳ ❙t♦r❡(t) ✐s ❡①❛❝t ✐✛ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥ ❤♦❧❞✳
✭✐✮ ❚❤❡ ❢✉♥❝t✐♦♥ t 7→ ❙t♦r❡(t) ✐s ✈❛❧✐❞✳
✭✐✐✮ ❙t♦r❡(T ) ∩ ❙t♦r❡(T ′) = ∅ ❢♦r ❛♥② t✐❧❡s T 6= T ′✳
❯♥❧✐❦❡ ❢♦r ❧♦❛❞s ✇❤❡r❡ t❤❡ ❡q✉❛❧✐t② ✐♥ ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✸ ✐s ❛♥ ♦♣✲
t✐♠✐③❛t✐♦♥ ❝❤♦✐❝❡✱ t❤❡ ❡q✉❛❧✐t② ✐♥ ❈♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✷ ✐s ❛❧✇❛②s r❡q✉✐r❡❞✱
♥♦t ❥✉st ❢♦r t❤❡ ❡①❛❝t ❝❛s❡✿ ✐t ❝❛♥♥♦t ❜❡ ❛♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ♦t❤❡r✇✐s❡ t❤❡
❡①❡❝✉t✐♦♥ ♦❢ t❤❡ t✐❧❡ str✐♣ ✇♦✉❧❞ st♦r❡ ❛♥ ✉♥❞❡✜♥❡❞ ✈❛❧✉❡ t♦ t❤❡ ❉❉❘✱ ♣♦ss✐❜❧②
❧❡❛❞✐♥❣ t♦ ❛♥ ✐♥❝♦rr❡❝t ❝♦❞❡ ✐❢ ♦♥❡ ♦❢ t❤❡ ❡①tr❛ st♦r❡s ♦✈❡r✇r✐t❡s ❛ ♠❡❛♥✐♥❣❢✉❧
✈❛❧✉❡✳ ❆s ❢♦r ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✹✱ ✐t ♠❡❛♥s t❤❛t ❛❧❧ ❙t♦r❡(T ) ❛r❡ ❞✐s✲
❥♦✐♥t✱ ✐✳❡✳✱ ❛ ✈❛❧✉❡ ❞❡✜♥❡❞ ❜② t❤❡ t✐❧❡ str✐♣ ✐s st♦r❡❞ ♦♥❧② ♦♥❝❡✳ ❆❣❛✐♥✱ ❛s ❢♦r
❉❡✜♥✐t✐♦♥ ✸✱ t❤✐s ❞❡✜♥✐t✐♦♥ ❞♦❡s ♥♦t s♣❡❝✐❢② ❡①❛❝t❧② ✇❤❡♥ t❤❡ st♦r❡s ♦❝❝✉r✳
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❋✐❣✉r❡ ✺✿ ❱❛❧✐❞ ❧♦❛❞s r❡✜♥❡❞ ✇✐t❤ ❡①❛❝t ❧♦❛❞s ❢♦r ❛ ✷❉ ❡①❛♠♣❧❡✳
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✶✺
✸✳✷ ❊①❛❝t ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤ r❡❞✉❝❡❞ ❧✐❢❡t✐♠❡s
❚❤❡ ♣r❡✈✐♦✉s ❞❡✜♥✐t✐♦♥s ❞♦ ♥♦t ❡①♣❧✐❝✐t t❤❡ ▲♦❛❞ ❛♥❞ ❙t♦r❡ ♦♣❡r❛t♦rs ❢♦r ❛ ❣✐✈❡♥
t✐❧❡ T ✳ ❲❡ ♥♦✇ ❣✐✈❡ ❛ ❝♦♥str✉❝t✐✈❡ s♦❧✉t✐♦♥ ✇❤❡r❡ ❧♦❛❞s ❛r❡ ♣❡r❢♦r♠❡❞ ❛s ❧❛t❡
❛s ♣♦ss✐❜❧❡ ❛♥❞ st♦r❡s ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✳ ❚❤✐s ❤❛s t❤❡ ❡✛❡❝t ♦❢ r❡❞✉❝✐♥❣ t❤❡
❧✐❢❡t✐♠❡ ♦❢ ❞❛t❛ ✐♥ t❤❡ ❧♦❝❛❧ ♠❡♠♦r②✱ ✇❤✐❝❤ t❡♥❞s t♦ r❡❞✉❝❡ ✐ts s✐③❡✳ ❲❡ st❛rt
✇✐t❤ ❛ ❞❡s❝r✐♣t✐♦♥ ✐♥✈♦❧✈✐♥❣ s❡ts ❛♥❞ s❡t ♦♣❡r❛t✐♦♥s✳ ❲❡ t❤❡♥ ❣✐✈❡ ❛♥ ❛❧❣♦r✐t❤♠✱
❜❛s❡❞ ♦♥ ♣❛r❛♠❡tr✐❝ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣ t♦ ❜✉✐❧❞ t❤❡ ▲♦❛❞ ❛♥❞ ❙t♦r❡ s❡ts✳
❚❤❡♦r❡♠ ✶✳ ❚❤❡ ❢✉♥❝t✐♦♥s T 7→ ▲♦❛❞(T ) ❛♥❞ T 7→ ❙t♦r❡(T ) ❞❡✜♥❡❞ ❜②
❼ ▲♦❛❞(T ) = ■♥(T ) \ {■♥(t < T ) ∪❖✉t(t < T )}
❼ ❙t♦r❡(T ) = ❖✉t(T ) \❖✉t(t > T )
❛r❡ ❡①❛❝t ❧♦❛❞ ❛♥❞ st♦r❡ ♦♣❡r❛t♦rs t❤❛t r❡❞✉❝❡ t❤❡ ❧✐❢❡t✐♠❡s ✐♥ t❤❡ ❧♦❝❛❧ ♠❡♠♦r②✳
❋♦❧❧♦✇✐♥❣ ❈♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶ ❛♥❞ ❈♦♥❞✐t✐♦♥ ✭✐✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✱ ❛
♥❛t✉r❛❧ ❞❡✜♥✐t✐♦♥ ♦❢ ▲♦❛❞(T ) ✇♦✉❧❞ ❜❡ {■♥(T )\❖✉t(t < T )}\▲♦❛❞(t < T )✳ ❇✉t
t❤✐s ❣✐✈❡s ❛ r❡❝✉rs✐✈❡ ❞❡✜♥✐t✐♦♥ ♦❢ ▲♦❛❞✳ ❚❤❡ ❞❡✜♥✐t✐♦♥ ❛❜♦✈❡ ✐s ♠♦r❡ ❞✐r❡❝t✳
■♥t✉✐t✐✈❡❧②✱ ▲♦❛❞(T ) ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ❞❛t❛ r❡❛❞ ✐♥ t❤❡ t✐❧❡ T ✱ ✇❤✐❧❡ ❡①❝❧✉❞✐♥❣
■♥(t < T )✱ t❤❡ ❞❛t❛ ❛❧r❡❛❞② r❡❛❞✱ ❛♥❞ ❖✉t(t < T )✱ t❤❡ ❞❛t❛ ❛❧r❡❛❞② ❞❡✜♥❡❞✳ ❆s
❢♦r ❙t♦r❡(T )✱ ✐t ✐s ❡①❛❝t❧② t❤❡ ❞❛t❛ ✇r✐tt❡♥ ❢♦r t❤❡ ❧❛st t✐♠❡ ✐♥ T ✱ ✐✳❡✳✱ ❖✉t(T )✱
t❤❡ ❞❛t❛ ✇r✐tt❡♥ ✐♥ t❤❡ ❝✉rr❡♥t t✐❧❡✱ ❡①❝❧✉❞✐♥❣ ❖✉t(t > T )✱ t❤♦s❡ ✇r✐tt❡♥ ❧❛t❡r✳
Pr♦♦❢✳ ▲❡t x ∈ ■♥(T ) \ ❖✉t(t < T ) ❛♥❞ ❧❡t t0 ❜❡ t❤❡ s♠❛❧❧❡st t✐❧❡ ✐♥❞❡① s✉❝❤
t❤❛t x ∈ ■♥(t0)✳ ❇② ❞❡✜♥✐t✐♦♥✱ t0 ≤ T ❛♥❞ x /∈ ■♥(t < t0)✳ ❆❧s♦✱ x /∈ ❖✉t(t < t0)
s✐♥❝❡ x /∈ ❖✉t(t < T )✳ ❚❤✉s x ❜❡❧♦♥❣s t♦ ▲♦❛❞(t0) ❛♥❞✱ ✜♥❛❧❧②✱ t♦ ▲♦❛❞(t ≤ T )✳
❚❤✐s ♣r♦✈❡s ❈♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✱ ✐✳❡✳✱ ❛❧❧ ♥❡❡❞❡❞ ❞❛t❛ ❛r❡ ❧♦❛❞❡❞✳
❆❝t✉❛❧❧②✱ t❤✐s ❛❧s♦ ♣r♦✈❡s t❤❛t ∪t≤T {■♥(t) \❖✉t(t′ < t)} ⊆ ▲♦❛❞(t ≤ T )✳
❈♦♥✈❡rs❡❧②✱ ❜② ❞❡✜♥✐t✐♦♥✱ ▲♦❛❞(t ≤ T ) = ∪t≤T {(■♥(t) \ ■♥(t′ < t)) \❖✉t(t′ < t)}
✐s ❛ s✉❜s❡t ♦❢ ∪t≤T {■♥(t) \❖✉t(t′ < t)}✳ ❚❤❡r❡❢♦r❡✱ ❜♦t❤ s❡ts ❛r❡ ❡q✉❛❧✱ ✐✳❡✳✱
▲♦❛❞(t ≤ T ) = ∪t≤T {■♥(t) \❖✉t(t′ < t)}✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s ✐s tr✉❡ ❢♦r Tmax✱
✇❤✐❝❤ ♣r♦✈❡s ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✱ ✐✳❡✳✱ ♦♥❧② t❤❡ ♥❡❡❞❡❞ ❞❛t❛ ❛r❡ ❧♦❛❞❡❞✳
❈♦♥❞✐t✐♦♥ ✭✐✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✸ ❤♦❧❞s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ▲♦❛❞(T ) ∩ ▲♦❛❞(T ′)✱
❢♦r T ′ < T ✱ ✐s ❛ s✉❜s❡t ♦❢ (■♥(T ) \ ■♥(t < T )) ∩ ▲♦❛❞(T ′)✱ t❤✉s ❛ s✉❜s❡t ♦❢
(■♥(T )\■♥(T ′))∩▲♦❛❞(T ′) ❛♥❞✱ ✜♥❛❧❧②✱ ❛ s✉❜s❡t ♦❢ (■♥(T )\▲♦❛❞(T ′))∩▲♦❛❞(T ′)✱
✇❤✐❝❤ ✐s ❡♠♣t②✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♥♦ ❞❛t❛ ✐s ❧♦❛❞❡❞ ♠♦r❡ t❤❛♥ ♦♥❝❡✳
❆s ❢♦r t❤❡ ❙t♦r❡ ♦♣❡r❛t♦r✱ ✐t ✐s ❝❧❡❛r t❤❛t ❙t♦r❡(T )∩❙t♦r❡(T ′) = ∅ ❢♦r T 6= T ′
❛♥❞ ❙t♦r❡(t ≤ Tmax) = ❖✉t(t ≤ Tmax)✳ ❚❤✐s ♣r♦✈❡s ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✹
✭❡①❛❝t ❙t♦r❡✮ ❛♥❞ ❈♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✷ ✭✈❛❧✐❞ ❙t♦r❡✮✳ ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢
❉❡✜♥✐t✐♦♥ ✷ ✐s ❛❧s♦ s❛t✐s✜❡❞ ❛s ❖✉t(t > T ) ✐s r❡♠♦✈❡❞ ❢r♦♠ ❙t♦r❡(T )✳
■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t t❤❡ ❧✐❢❡t✐♠❡s ♦❢ ❞❛t❛ ❛r❡ ❛s s❤♦rt ❛s ♣♦ss✐❜❧❡ ✐♥ t❤❡
❧♦❝❛❧ ♠❡♠♦r②✱ ✐♥ ♦t❤❡r ✇♦r❞s t❤❛t ❛ ❞❛t❛ ✐s ❧♦❛❞❡❞ ✭r❡s♣✳ st♦r❡❞✮ ❛s ❧❛t❡ ✭r❡s♣✳
s♦♦♥✮ ❛s ♣♦ss✐❜❧❡✱ ✐✳❡✳✱ ❧♦❛❞❡❞ ❥✉st ❜❡❢♦r❡ ✐ts ✜rst r❡❛❞ ❛♥❞ st♦r❡❞ r✐❣❤t ❛❢t❡r ✐ts
❧❛st ✇r✐t❡✳ ❚❤✐s ✐s tr✉❡ ❜❡❝❛✉s❡ ▲♦❛❞(T ) ⊆ ■♥(T )✱ ✐✳❡✳✱ t❤❡ ❞❛t❛ ✐s r❡q✉✐r❡❞ ❢♦r ❛
r❡❛❞ ✐♥ t❤❡ t✐❧❡ T ✱ t❤✉s ✐t ❝❛♥♥♦t ❜❡ ❧♦❛❞❡❞ ❧❛t❡r✱ ❛♥❞ ❙t♦r❡(T ) ⊆ ❖✉t(T )✱ ✐✳❡✳✱
t❤❡ ❞❛t❛ ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ t✐❧❡ T ✱ t❤✉s ✐t ❝❛♥♥♦t ❜❡ st♦r❡❞ ❡❛r❧✐❡r✳
❚❤❡♦r❡♠ ✶ ❣✐✈❡s ❛♥ ❡①♣❧✐❝✐t ❢♦r♠✉❧❛t✐♦♥ ♦❢ t❤❡ s❡ts ▲♦❛❞(T ) ❛♥❞ ❙t♦r❡(T )
✐❢ ❞✐✛❡r❡♥❝❡s ♦❢ ♣❛r❛♠❡tr✐❝ s❡ts ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞✳ ❲❡ ✐❧❧✉str❛t❡ t❤❡ ♣r❡✈✐♦✉s
❢♦r♠✉❧❛s ✇✐t❤ ♦✉r ✐♥✐t✐❛❧ ❡①❛♠♣❧❡✱ t❤❡ ♣r♦❞✉❝t ♦❢ t✇♦ ♣♦❧②♥♦♠✐❛❧s✳
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✶✻
❇❛❝❦ t♦ ♠❛✐♥ ❡①❛♠♣❧❡
❈♦♥s✐❞❡r t❤❡ ❛rr❛② c ❛❣❛✐♥ ❛♥❞ s✉♣♣♦s❡ t❤❡ s❡ts ■♥(T ) ❛♥❞ ❖✉t(T ) ❛r❡ ❛✈❛✐❧✲
❛❜❧❡✳ ❘❡♠❡♠❜❡r t❤❛t ■♥(T ) ✐s t❤❡ s❡t ♦❢ ❛rr❛② ❡❧❡♠❡♥ts r❡❛❞ ✐♥ t✐❧❡ T ❜✉t ♥♦t
♣r❡✈✐♦✉s❧② ✇r✐tt❡♥ ✐♥ t❤❡ s❛♠❡ t✐❧❡✳ ■♥ t❤✐s ❡①❛♠♣❧❡✱ ❛♥② ❛rr❛② ❡❧❡♠❡♥t ❛❝❝❡ss❡❞
✐s ✜rst r❡❛❞ ❜❡❢♦r❡ ❜❡✐♥❣ ✇r✐tt❡♥✳ ❆❧s♦✱ ■♥(T ) = ❖✉t(T )✳ ❚❤✉s✱ ✇✐t❤ T = J ✿
■♥(T ) = ❖✉t(T ) = {m | m = i+ j, ii = N − j, jj = i, 0 ≤ i ≤ N, 0 ≤ j ≤ N,
bI ≤ ii ≤ b(I + 1)− 1, bT ≤ jj ≤ b(T + 1)− 1}
■♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡✱ t❤❡ s❡ts ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞✱ ❜② s✉❜st✐t✉t✐♦♥✱ ✐♥t♦✿
■♥(T ) = ❖✉t(T ) = {m | m = jj +N − ii, 0 ≤ ii ≤ N, 0 ≤ jj ≤ N,
bI ≤ ii ≤ b(I + 1)− 1, bT ≤ jj ≤ b(T + 1)− 1}
❛♥❞✱ ❜② ♣r♦❥❡❝t✐♦♥✱ ✐♥t♦✿
{m | bT ≤ m ≤ 2N − bI, N − b(I + 1) + 1 + bT ≤ m ≤ N − bI + b(T + 1)− 1}
■♥(t < T ) ❛♥❞ ❖✉t(t < T ) ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛❞❞✐♥❣ t❤❡ ❝♦♥str❛✐♥t 0 ≤ t < T ✿
■♥(t < T ) = ❖✉t(t < T ) = {m | 0 ≤ t ≤ T − 1, bt ≤ m ≤ 2N − bI,
N − b(I + 1) + 1 + bt ≤ m ≤ N − bI + b(t+ 1)− 1}
■♥ t❤✐s ❡①❛♠♣❧❡✱ t❤✐s ❝❛♥ ❜❡ ♣r♦✈❡❞ t♦ ❜❡ ❡q✉❛❧✱ ❢♦r T ≥ 1✱ t♦✿
■♥(t < T ) = {m | 0 ≤ m ≤ 2N − bI, N − b(I + 1) + 1 ≤ m ≤ N − bI + bT − 1}
❋✐♥❛❧❧②✱ ❛❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠ ✶✱ ▲♦❛❞(T ) ✐s ❡q✉❛❧ t♦ ■♥(T ) \ ■♥(t < T )✱ t❤✉s
▲♦❛❞(0) = {m | 0 ≤ m ≤ 2N − bI, N − b(I + 1) + 1 ≤ m ≤ N − bI + b− 1}
❛♥❞✱ ❢♦r T ≥ 1✿
▲♦❛❞(T ) = {m | m ≤ 2N − bI, N − bI + bT ≤ m ≤ N − bI + b(T + 1)− 1}
❲❡ r❡tr✐❡✈❡ t❤❡ ❣r❡② ❜♦①❡s ✭✜rst r❡❛❞s ♦❢ ❛rr❛② c✮ ✐♥ ❋✐❣✉r❡ ✶✭❛✮✳ 
◆♦t❡ t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ ❢♦r ❛ ♣r♦❣r❛♠ ✐♥ t❤❡ ♣♦❧②t♦♣❡ ♠♦❞❡❧ ❬✶✺❪✱ t❤❡ ❛♣♣r♦❛❝❤
✇❡ ✉s❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❡①❛♠♣❧❡✱ ❞❡r✐✈❡❞ ❢r♦♠ ❚❤❡♦r❡♠ ✶✱ r❡q✉✐r❡s t♦ ❜❡ ❛❜❧❡ t♦
❝♦♠♣✉t❡ t❤❡ ❞✐✛❡r❡♥❝❡ ♦❢ ♣❛r❛♠❡tr✐❝ ▲❇▲s✳ ❆ t♦♦❧ s✉❝❤ ❛s t❤❡ ❖♠❡❣❛ ❈❛❧❝✉❧❛✲
t♦r ❬✶✽❪ ❝♦✉❧❞ ❜❡ ✉s❡❞✱ ❛❣❛✐♥ ✇❤❡♥ t❤❡ ❜❧♦❝❦ s✐③❡ ✐s ❛ ❝♦♥st❛♥t✳ ❋♦r t❤❡ ♣r❡✈✐♦✉s
❡①❛♠♣❧❡✱ ✇✐t❤ b = 10✱ t❤✐s t♦♦❧ ♦✉t♣✉ts t❤❡ ❢♦❧❧♦✇✐♥❣ ❧♦❛❞ ♦♣❡r❛t♦r ✭✇❡ r❡♠♦✈❡❞
t❤❡ ✐♥❡q✉❛❧✐t✐❡s 0 ≤ 10I ≤ N ❛♥❞ 0 ≤ T t❤❛t ✇❡r❡ ❣❡♥❡r❛t❡❞✮✿
▲♦❛❞(T ) = {m | 10T +N ≤ 10I +m ≤ 2N, 10I +m ≤ 9 + 10T +N}
∪ {m | T = 0, 10I +m ≤ N − 1, N ≤ 9 + 10I +m, 0 ≤ m}
✇❤✐❝❤ ✐s ❡①❛❝t❧② t❤❡ ❡①♣r❡ss✐♦♥ ❢♦✉♥❞ ❛t t❤❡ ❡♥❞ ♦❢ ❙❡❝t✐♦♥ ✷✳✷✳✷ ❢♦r t❤❡ ✜rst
r❡❛❞s ✐♥ t❤❡ t✐❧❡ str✐♣ t❤❛t ♦❝❝✉r ✐♥ t✐❧❡ T ✳
■t ✐s s♦♠❡t✐♠❡s ♥♦t ❝❧❡❛r ✇✐t❤ t❤❡ ❖♠❡❣❛ ❈❛❧❝✉❧❛t♦r ✇❤❡♥ ❛♣♣r♦①✐♠❛t✐♦♥s
❛r❡ ♠❛❞❡ ✐♥ t❤❡ ♦✉t♣✉t✱ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r ♦♣❡r❛t✐♦♥s s✉❝❤ ❛s s❡t ✐♥t❡rs❡❝t✐♦♥s
♦r ❞✐✛❡r❡♥❝❡s✱ ❛♥❞ ❤♦✇ t♦ s✐♠♣❧✐❢② t❤❡ ❡①♣r❡ss✐♦♥s✳ ❆❧s♦✱ ✇❡ ♠❛② ♥♦t ♥❡❡❞ ✐♥
♣r❛❝t✐❝❡ t❤❡ ❢✉❧❧ ♣♦✇❡r ♦❢ Pr❡s❜✉r❣❡r ❛r✐t❤♠❡t✐❝✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ♣r♦♣♦s❡
❛♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ♣❛r❛♠❡tr✐❝ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣✱ ❢♦❧❧♦✇✐♥❣
t❤❡ ♣r✐♥❝✐♣❧❡s ❞❡✈❡❧♦♣❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✷✳ ❚❤✐s t❡❝❤♥✐q✉❡ ❛❧✇❛②s ❜✉✐❧❞s ❡①❛❝t
▲♦❛❞ ❛♥❞ ❙t♦r❡ ♦♣❡r❛t♦rs✱ ✇✐t❤ ♥♦ ♥❡❡❞ t♦ ❝♦♠♣✉t❡ ❞✐✛❡r❡♥❝❡s ♦❢ s❡ts✳ ❚❤❡
s✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥s r❡❧✐❡s ♦♥ ◗❯❆❙❚ s✐♠♣❧✐✜❝❛t✐♦♥s✳
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✶✼
✸✳✸ ❯s✐♥❣ P■P t♦ ❝♦♠♣✉t❡ ❡①❛❝t ❧♦❛❞s ❛♥❞ st♦r❡s
❚❤❡♦r❡♠ ✶ ♣r♦✈✐❞❡s ❛ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ ♦♣t✐♠✐③❡❞ ❞❛t❛ tr❛♥s❢❡rs✱ ❜❛s❡❞ ♦♥ s❡t
♦♣❡r❛t✐♦♥s✱ ✇❤✐❝❤ ✐s ♠♦r❡ ❣❡♥❡r❛❧ t❤❛♥ st❛t❡✲♦❢✲t❤❡✲❛rt ❝♦♠♠✉♥✐❝❛t✐♦♥ ✈❡❝t♦r✲
✐③❛t✐♦♥ ❛♥❞ ❝♦❛❧❡s❝✐♥❣✳ ■♥❞❡❡❞✱ st❛♥❞❛r❞ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♣t✐♠✐③❛t✐♦♥s ❝❛♥ ❡❧✐♠✲
✐♥❛t❡ r❡❞✉♥❞❛♥t s✉❝❝❡ss✐✈❡ r❡❛❞s ❛♥❞ r❡❞✉♥❞❛♥t s✉❝❝❡ss✐✈❡ ✇r✐t❡s✱ ❜✉t ❛ ❞❛t❛
✇✐t❤ ❛ s❡q✉❡♥❝❡ ♦❢ ❛❧t❡r♥❛t✐♥❣ r❡❛❞s ❛♥❞ ✇r✐t❡s ✐♥ t❤❡ t✐❧❡ str✐♣ ✇✐❧❧ ❣❡♥❡r❛t❡ ♦♥❧②
r❡♠♦t❡ ❛❝❝❡ss❡s✳ ❲✐t❤ ♦✉r t❡❝❤♥✐q✉❡✱ t❤❡ ❞❛t❛ ✐s ❧♦❛❞❡❞ ❛♥❞ st♦r❡❞ ❜❛❝❦ ♦♥❧②
♦♥❝❡✿ ✐♥ t❤❡ ♠❡❛♥t✐♠❡✱ ✐t ✐s ❧♦❝❛❧❧② st♦r❡❞ ❛♥❞ ♣♦ss✐❜❧② ♠♦❞✐✜❡❞✱ t❤✉s r❡❞✉❝✐♥❣
❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ ✐♥❝r❡❛s✐♥❣ ❧♦❝❛❧ r❡✉s❡✳ ❲❡ ♥♦✇ s❤♦✇ ❤♦✇ ✇❡ ❝♦♠♣✉t❡ t❤❡
▲♦❛❞ ❛♥❞ ❙t♦r❡ s❡ts ✉s✐♥❣ ♣❛r❛♠❡tr✐❝ ✐♥t❡❣❡r ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✱ ✐♥ ♣❛rt✐❝✉❧❛r
✇❤❡♥ t❤❡ ❦❡r♥❡❧ ✜ts ✐♥ t❤❡ ♣♦❧②t♦♣❡ ♠♦❞❡❧✱ ✐✳❡✳✱ ✇✐t❤ ❛✣♥❡ ❧♦♦♣ ❜♦✉♥❞s ❛♥❞
❛✣♥❡ ❛❝❝❡ss ❢✉♥❝t✐♦♥s ✳ ❍♦✇ t♦ ♠❛♣ t❤❡ ❞❛t❛ t♦ ❧♦❝❛❧ ♠❡♠♦r② ❛♥❞ ❤♦✇ t♦
❣❡♥❡r❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦❞❡ ✐s ❡①♣❧❛✐♥❡❞ ✐♥ ❬✷✵✱ ✸❪✳
❋♦r ❛ ♠❡♠♦r② ❝❡❧❧ ~m✱ ✇❡ ❞❡✜♥❡✿
❼ ❋✐rst❚✐❧❡❆❝❝❡ss(~m) t❤❡ ✜rst t✐❧❡ t❤❛t ❛❝❝❡ss❡s ~m✱ ❛s ❛ r❡❛❞ ♦r ❛ ✇r✐t❡✳
❼ ❋✐rst❚✐❧❡❘❡❛❞❇❡❢♦r❡❲r✐t❡(~m) t❤❡ ✜rst t✐❧❡ t❤❛t ❛❝❝❡ss❡s ~m✱ ✐❢ ✐t ✐s ❛ r❡❛❞✳
❼ ▲❛st❚✐❧❡❲r✐t❡(~m) t❤❡ ❧❛st t✐❧❡ t❤❛t ❛❝❝❡ss❡s m ❛s ❛ ✇r✐t❡✳
❚❤❡♦r❡♠ ✶ ❝❛♥ t❤❡♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞ ❛s ❢♦❧❧♦✇s✿
❚❤❡♦r❡♠ ✷✳ ❚❤❡ ♦♣❡r❛t♦rs ♦❢ ❚❤❡♦r❡♠ ✶ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s✿
▲♦❛❞(T ) = {~m | ❋✐rst❚✐❧❡❘❡❛❞❇❡❢♦r❡❲r✐t❡(~m) = T}
❙t♦r❡(T ) = {~m | ▲❛st❚✐❧❡❲r✐t❡(~m) = T}
■♥ ♦t❤❡r ✇♦r❞s✱ ▲♦❛❞(T ) ❝♦♥t❛✐♥s t❤❡ ❞❛t❛ ❛❝❝❡ss❡❞ ❢♦r t❤❡ ✜rst t✐♠❡ ✐♥ T ✐❢ t❤✐s
❛❝❝❡ss ✐s ❛ r❡❛❞✱ ❛♥❞ ❙t♦r❡(T ) ❝♦♥t❛✐♥s t❤❡ ❞❛t❛ ✇r✐tt❡♥ ❢♦r t❤❡ ❧❛st t✐♠❡ ✐♥ T ✳
Pr♦♦❢✳ ❋♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠ ✶✱ ▲♦❛❞(T ) ❝♦♥t❛✐♥s ❛❧❧ ❞❛t❛ ✐♥ ■♥(T )✱ ✐✳❡✳✱ r❡❛❞ ✐♥ T
❜✉t ♥♦t ✇r✐tt❡♥ ❡❛r❧✐❡r ✐♥ T ✱ ❡①❝❡♣t t❤♦s❡ r❡❛❞ ♦r ✇r✐tt❡♥ ✐♥ ❛♥ ❡❛r❧✐❡r t✐❧❡✳ ❚❤✉s✱
▲♦❛❞(T ) ❝♦♥t❛✐♥s ❛❧❧ ❞❛t❛ m ✇❤♦s❡ ✜rst ❛❝❝❡ss ✐s ✐♥ T ❛♥❞ t❤✐s ✜rst ❛❝❝❡ss ✐s
❛ r❡❛❞✱ ✐✳❡✳✱ s✉❝❤ t❤❛t ❋✐rst❚✐❧❡❘❡❛❞❇❡❢♦r❡❲r✐t❡(~m) = T ✳ ❙✐♠✐❧❛r❧②✱ ❙t♦r❡(T )
❝♦♥t❛✐♥s ❛❧❧ ❞❛t❛ ✇r✐tt❡♥ ✐♥ T ✱ ❡①❝❡♣t t❤♦s❡ ✇r✐tt❡♥ ❧❛t❡r✱ t❤✉s ❛❧❧ ❞❛t❛ ~m ✇❤♦s❡
❧❛st ✇r✐t❡ ✐s ✐♥ T ✱ ✐✳❡✳✱ s✉❝❤ t❤❛t ▲❛st❚✐❧❡❲r✐t❡(~m) = T ✳
■❢ ■♥(T ) ❛♥❞ ❖✉t(T ) ❛r❡ ❛✈❛✐❧❛❜❧❡ ❛s ✭✉♥✐♦♥s ♦❢✮ ♣♦❧②❤❡❞r❛ ♦r ▲❇▲s✱ t❤❡ s❡t
❋✐rst❚✐❧❡❆❝❝❡ss(m) ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② ❛ ◗❯❆❙❚ ♦❜t❛✐♥❡❞ ❜② ♠✐♥✐♠✐③❛t✐♦♥✿
❋✐rst❚✐❧❡❆❝❝❡ss(~m) = min(min{T | ~m ∈ ■♥(T )},min{T | ~m ∈ ❖✉t(T )}) ✭✹✮
❲❤❡♥ ❝♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ ◗❯❆❙❚s ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✷✱ ✇❡ ❝❛♥✱ ✐♥
❛❞❞✐t✐♦♥✱ t❛❣ ❡❛❝❤ s♦❧✉t✐♦♥ ✇✐t❤ t❤❡ s❡t ✐t ✐s ❝♦♠✐♥❣ ❢r♦♠ ✭✐♥ ❝❛s❡ ♦❢ ❡q✉❛❧✐t②✱
✇❡ t❛❣ ✇✐t❤ t❤❡ ✜rst s❡t✱ ✐✳❡✳✱ t❤❡ s❡t ♦❢ r❡❛❞s✮✳ ❚❤❡♥✱ ✐❢ ✇❡ r❡♣❧❛❝❡ ❡❛❝❤ s♦✲
❧✉t✐♦♥ ❝♦♠✐♥❣ ❢r♦♠ t❤❡ s❡❝♦♥❞ s❡t ❜② ⊥✱ ✇❡ ❣❡t ❛ ◗❯❆❙❚ t❤❛t s♣❡❝✐✜❡s✱ ❢♦r
❡❛❝❤ ~m✱ t❤❡ ✜rst t✐❧❡ t❤❛t ❛❝❝❡ss❡s ✐t✱ ❦❡❡♣✐♥❣ ♦♥❧② t❤♦s❡ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❛ r❡❛❞✱
✐✳❡✳✱ ❋✐rst❚✐❧❡❘❡❛❞❇❡❢♦r❡❲r✐t❡(~m)✳ ❚❤❡♥✱ ✉s✐♥❣ t❤❡ ✐♥✈❡rs✐♦♥ ♠❡❝❤❛♥✐s♠ ♦❢ ❙❡❝✲
t✐♦♥ ✷✳✷✳✷✱ ✇❡ ✐♥✈❡rt t❤✐s ♠❛♣♣✐♥❣ t♦ ❣❡t ▲♦❛❞(T )✳ ❆s ❢♦r ❙t♦r❡(T )✱ ✐t ✐s ♦❜t❛✐♥❡❞
❜② ✐♥✈❡rt✐♥❣ t❤❡ ♠❛♣♣✐♥❣ ▲❛st❚✐❧❡❲r✐t❡(~m)✱ ♦❜t❛✐♥❡❞ ❜② ♠❛①✐♠✐③❛t✐♦♥✳
❆❝t✉❛❧❧②✱ ✐♥ ♣r❛❝t✐❝❡✱ ■♥(T ) ✐s ❝♦♠♣✉t❡❞ ❢r♦♠ r❡❛❞ ❛♥❞ ✇r✐t❡ ❛❝❝❡ss❡s ✐♥ t❤❡
♣r♦❣r❛♠✳ ❆❧s♦ ■♥(T ) ✐s ♥♦t ❥✉st t❤❡ s❡t ♦❢ ❞❛t❛ r❡❛❞ ✐♥ T ✱ ❜✉t t❤❡ s❡t ♦❢ ❞❛t❛
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✶✽
r❡❛❞ ✐♥ T ❛♥❞ ♥♦t ②❡t ❞❡✜♥❡❞ ✐♥ T ✳ ❍♦✇❡✈❡r✱ ♣r❡✲❝♦♠♣✉t✐♥❣ s✉❝❤ ❛ s❡t ■♥(T ) ✐s
♥♦t ♥❡❝❡ss❛r②✿ ❋✐rst❚✐❧❡❆❝❝❡ss(~m) ❝❛♥ ❜❡ ❞✐r❡❝t❧② ❝♦♠♣✉t❡❞ ❢r♦♠ t❤❡ ✜rst r❡❛❞
❛♥❞ ✇r✐t❡ ♦♣❡r❛t✐♦♥s✱ ✐♥st❡❛❞ ♦❢ t✐❧❡s✳ ❋♦r t❤❛t✱ ❢♦r ❛ ♠❡♠♦r② ❝❡❧❧ ~m✱ ✇❡ ❞❡✜♥❡✿
❼ ❋✐rst❖♣❘❡❛❞(~m) t❤❡ ✜rst ♦♣❡r❛t✐♦♥ ✐♥ t❤❡ t✐❧❡ str✐♣ t❤❛t r❡❛❞s ~m✳
❼ ❋✐rst❖♣❲r✐t❡(~m) t❤❡ ✜rst ♦♣❡r❛t✐♦♥ ✐♥ t❤❡ t✐❧❡ str✐♣ t❤❛t ✇r✐t❡s ~m✳
❋✐rst❖♣❘❡❛❞(m) ✐s ♦❜t❛✐♥❡❞ ❜② ✜rst ❡①tr❛❝t✐♥❣ t❤❡ s❡t ♦❢ ♦♣❡r❛t✐♦♥s r❡❛❞✐♥❣ ~m✳
❚❤❡♥✱ ✇❡ ❝♦♠♣✉t❡ t❤❡ r❡❛❞ ✇❤✐❝❤ ✐s s❝❤❡❞✉❧❡❞ ✜rst ✭✇✐t❤ r❡s♣❡❝t t♦ θt✐❧❡❞✱ t❤❡
t✐❧❡❞ s❝❤❡❞✉❧❡✮ ✐♥ t❤❡ t✐❧❡ str✐♣✱ ✇❤✐❝❤ ❜♦✐❧s ❞♦✇♥ t♦ ❝♦♠♣✉t❡ t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝
♠✐♥✐♠✉♠ ✐♥ ❛ ✉♥✐♦♥ ♦❢ ♣♦❧②t♦♣❡s✱ ❛s ❢♦r ❡①❛❝t ❛rr❛② ❞❛t❛✲✢♦✇ ❛♥❛❧②s✐s ❬✶✹❪✳
❆❞❞✐t✐♦♥❛❧ ❧❡❛❢ ♠♦❞✐✜❝❛t✐♦♥s r❡♠♦✈❡ ✉s❡❧❡ss ✈❛r✐❛❜❧❡s ✐♥ t❤❡ s♦❧✉t✐♦♥✱ ❛s ✇❡
✐❧❧✉str❛t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✶✱ ✇❤✐❝❤ ❡♥❛❜❧❡s ♠♦r❡ ◗❯❆❙❚ s✐♠♣❧✐✜❝❛t✐♦♥s✳
▼♦r❡ ♣r❡❝✐s❡❧②✱ ✐♥ t❤❡ ♣♦❧②t♦♣❡ ♠♦❞❡❧✱ ❛❧❧ r❡❛❞s t♦ ❛♥ ❛rr❛② c ❛r❡ ❛s ❢♦❧❧♦✇s✿
S :~i ∈ D : . . . = . . . c[u(~i)] . . .
✇❤❡r❡ D ✐s t❤❡ ✐t❡r❛t✐♦♥ ❞♦♠❛✐♥ ♦❢ t❤❡ st❛t❡♠❡♥t S✱ ~i ✐s ❛♥ ✐t❡r❛t✐♦♥ ✈❡❝t♦r✱
❛♥❞ u ✐s ❛♥ ❛✣♥❡ ❢✉♥❝t✐♦♥✳ ❚❤❡ r❡❛❞s ♦❢ ~m = c(~i0) ✐♥ S ✐s t❤❡ s❡t ♦❢ ♦♣❡r❛t✐♦♥s
(S,~i) t❤❛t r❡❛❞ ~m✱ ✐✳❡✳✱ u(~i) = ~i0✱ ❛♥❞ t❤❛t ❛r❡ ❛❝t✉❛❧❧② ❡①❡❝✉t❡❞✱ ✐✳❡✳✱ ~i ∈ D✿
❘❡❛❞(~m, S) = {~i ∈ D | u(~i) = ~i0}
❍❡r❡✱ ✇❡ ❛ss✉♠❡❞ t❤❛t c ♦❝❝✉rs ♦♥❧② ♦♥❝❡ ✐♥ S✱ ♦t❤❡r✇✐s❡✱ ♦♥❡ ♥❡❡❞s t♦ ❞✐st✐♥✲
❣✉✐s❤ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❛❝❝❡ss✳ ◆♦✇✱ S ✐s ❣✐✈❡♥ ❛♥ ❛✣♥❡ s❝❤❡❞✉❧❡ θS ✱ s♣❡❝✐✜❡❞
❜② t❤❡ ✉s❡r✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✶✳ ❲❡ ❡①t❡♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❘❡❛❞ ❜②
✐♥❝♦r♣♦r❛t✐♥❣ t❤❡ ❡①❡❝✉t✐♦♥ ❞❛t❡ ♦❢ ~i✱ (~I, ~ii) = (⌊θS(~i)⌋, θS(~i)) t♦ ❣❡t✿
❘❡❛❞(~m, S) = {(~I, ~ii,~i) | ~ii = θS(~i) ∧ b~I ≤ ~ii < b(~I +~1) ∧ u(~i) = ~i0 ∧~i ∈ D}
❚❤❡♥✱ ✇❡ ✉s❡ P■P t♦ ❣❡t t❤❡ ❧❡①✐❝♦❣r❛♣❤✐❝ ♠✐♥✐♠✉♠ ♦❢ ❘❡❛❞(~m, S)✳ ❆s ✐♥
❙❡❝t✐♦♥ ✷✳✷✳✶✱ ✇❡ ❦❡❡♣ ✐♥ t❤❡ ✈❡❝t♦r ❡①♣r❡ss✐♥❣ t❤❡ s♦❧✉t✐♦♥ ♦♥❧② t❤❡ ❝♦♠♣♦♥❡♥ts
❝♦rr❡s♣♦♥❞✐♥❣ t♦ ~i ❛♥❞ ✇❡ s✐♠♣❧✐❢② t❤❡ ◗❯❆❙❚✳ ❲❡ ♣r♦❝❡❡❞ t❤❡ s❛♠❡ ✇❛② ❢♦r
❡✈❡r② ❛ss✐❣♥♠❡♥t r❡❛❞✐♥❣ c✱ t❤❡♥ ✇❡ ❝♦♠♣✉t❡ t❤❡ ❣❧♦❜❛❧ ♠✐♥✐♠✉♠ ❜② ❝♦♠❜✐♥✐♥❣
t❤❡ ◗❯❆❙❚s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐❢ S1✱ ✳ ✳ ✳ ✱ Sn ❞❡♥♦t❡ t❤❡ ❛ss✐❣♥♠❡♥ts r❡❛❞✐♥❣ c✿
❋✐rst❖♣❘❡❛❞(~m) = min
≪
(❘❡❛❞(~m, S1) ∪ . . . ∪ ❘❡❛❞(~m, Sn))





❘❡❛❞(~m, S1), . . . ,min
≪
❘❡❛❞(~m, Sn))
❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ♦❜t❛✐♥ ❋✐rst❖♣❲r✐t❡(~m)✳ ❆s ✇❡ ❞✐❞ ♣r❡✈✐♦✉s❧② ❛t t❤❡ ❣r❛♥✉✲




■❢ ✇❡ r❡♣❧❛❝❡ ❛❧❧ ❧❡❛✈❡s t❤❛t ❝♦rr❡s♣♦♥❞ t♦ ❛ ✇r✐t❡ ❜② ⊥✱ ✇❡ ❣❡t ❛♥ ❡①♣r❡ss✐♦♥
♦❢ ❋✐rst❖♣❘❡❛❞❇❡❢♦r❡❲r✐t❡(~m)✱ t❤❡ ✜rst ♦♣❡r❛t✐♦♥ t❤❛t ❛❝❝❡ss❡s ~m✱ ✐❢ ✐t ✐s ❛
r❡❛❞✳ ❋✐♥❛❧❧②✱ ❛s ✇❡ ❞✐❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✷✳✷✱ ✇❡ ❝❛♥ ❣♦ ❡❛s✐❧② ❢r♦♠ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢
❋✐rst❖♣❘❡❛❞❇❡❢♦r❡❲r✐t❡(~m) t♦ ❋✐rst❚✐❧❡❘❡❛❞❇❡❢♦r❡❲r✐t❡(~m) ❛s t❤❡ t✐❧❡ ✐♥❞✐❝❡s
~I ♦❢ ❛ ❣✐✈❡♥ ♦♣❡r❛t✐♦♥ (S,~i) ✐s ❣✐✈❡♥ ❜② t❤❡ r❡❧❛t✐♦♥ ~I = ⌊θS(~i)⌋✱ ♦r ❡q✉✐✈❛❧❡♥t❧②
b~I ≤ ⌊θS(~i)⌋ < b(~I + ~1) ✭r❡♠❡♠❜❡r t❤❛t T ✐s t❤❡ ✐♥♥❡r♠♦st t✐❧❡ ✐♥❞❡①✮✳ ■t
r❡♠❛✐♥s t♦ ✐♥✈❡rs❡ t❤❡ r❡s✉❧t✐♥❣ ◗❯❆❙❚ t♦ ❣❡t ▲♦❛❞(T )✳ ❙✐♠✐❧❛r❧②✱ ❙t♦r❡(T ) ✐s
♦❜t❛✐♥❡❞ ❜② ♠❛①✐♠✐③❛t✐♦♥✱ t❤r♦✉❣❤ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ ▲❛st❖♣❲r✐t❡(~m)✱ t❤❡♥
♦❢ ▲❛st❚✐❧❡❲r✐t❡(~m)✱ ❛♥❞ ✜♥❛❧❧② t❤❡ ✐♥✈❡rs✐♦♥ ♦❢ ▲❛st❚✐❧❡❲r✐t❡(~m)✳
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✶✾
✹ ❆ ❝♦♥s❡r✈❛t✐✈❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❢♦r♠✉❧❛t✐♦♥
■❢ t❤❡ s❡ts ■♥(t) ❛♥❞ ❖✉t(t) ❛r❡ ♥♦t ♣r❡❝✐s❡❧② ❞❡✜♥❡❞✱ ✇❡ ❤❛✈❡ t✇♦ ♦♣t✐♦♥s✳
✭✐✮ ❘❡str✐❝t t♦ ❛ s✉❜s❡t ♦❢ ♣r♦❣r❛♠s ❢♦r ✇❤✐❝❤ ❛♥ ❡①❛❝t ❝♦♠♣✉t❛t✐♦♥ ♦❢ ■♥(T )
❛♥❞ ❖✉t(T ) ✐s ♣♦ss✐❜❧❡✳ ❚❤✐s ✐s t❤❡ ♦♣t✐♦♥ ✇❡ ❝❤♦s❡ ❢♦r t❤❡ ♠♦♠❡♥t ✐♥ ♦✉r
❝✉rr❡♥t ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❲❡ r❡str✐❝t t♦ ❦❡r♥❡❧s ✐♥ t❤❡ ♣♦❧②t♦♣❡ ♠♦❞❡❧✳
✭✐✐✮ ❉❡❛❧ ✇✐t❤ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♥❡❡❞ t♦ ❡①♣r❡ss t❤❡ ✈❛❧✐❞✐t②
❝♦♥❞✐t✐♦♥s r❡❧❛t✐♥❣ t❤❡ ▲♦❛❞ ❛♥❞ ❙t♦r❡ ♦♣❡r❛t♦rs t♦ t❤❡ ❛♣♣r♦①✐♠❛t❡❞ ■♥
❛♥❞ ❖✉t✱ ❛♥❞ t❤❡♥ t♦ ❡①❤✐❜✐t s✉❝❤ ♦♣❡r❛t♦rs✳
❲❡ ♥♦✇ ❞✐s❝✉ss t❤✐s s❡❝♦♥❞ ♦♣t✐♦♥✳ ◆♦t❡ t❤❛t ❛♣♣r♦①✐♠❛t✐♦♥s ❝❛♥ ❛❧s♦ ❜❡ ✉s❡❞
t♦ r❡str✐❝t t♦ s❡ts t❤❛t ❛r❡ s✐♠♣❧❡r t♦ ♠❛♥✐♣✉❧❛t❡ ❛♥❞ t♦ s✐♠♣❧✐❢② t❤❡ ✜♥❛❧ ❝♦❞❡
❣❡♥❡r❛t✐♦♥✱ ❡✈❡♥ ✐❢ ❡①❛❝t ❛♥❛❧②s✐s ✐s ♣♦ss✐❜❧❡✳ ❋♦r ❡①❛♠♣❧❡✱ ♦♥❡ ♠❛② ♣r❡❢❡r t♦
♦♥❧② ♠❛♥✐♣✉❧❛t❡ s✐♠♣❧❡ ♣♦❧②❤❡❞r❛ ✐♥st❡❛❞ ♦❢ ❝♦♠♣❧✐❝❛t❡❞ ✉♥✐♦♥s ♦❢ ▲❇▲s✳
✹✳✶ ●❡♥❡r❛❧ s♣❡❝✐✜❝❛t✐♦♥
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ s❡t ■♥(T ) ✐s ♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡
s❡t ■♥(T )✱ ✐✳❡✳✱ ■♥(T ) ⊆ ■♥(T )✱ ❛♥❞ t❤❛t t❤❡ s❡t ❖✉t(T ) ✐s ✉♥❞❡r✲ ❛♥❞ ♦✈❡r✲
❛♣♣r♦①✐♠❛t❡❞ ❜② t❤❡ s❡ts ❖✉t(T ) ❛♥❞ ❖✉t(T )✱ ✐✳❡✳✱ ❖✉t(T ) ⊆ ❖✉t(T ) ⊆ ❖✉t(T )✳
❚❤❡ s❡t ❖✉t(T ) ✇✐❧❧ ❤❡❧♣ r❡❞✉❝✐♥❣ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛♥❞ ❧✐❢❡t✐♠❡s✳ ■t ❝❛♥ ❜❡
❡♠♣t② ✐♥ t❤❡ ✇♦rst ❝❛s❡✳ ❈♦♠♣❛r❡❞ t♦ t❤❡ ❡①❛❝t ❝❛s❡ ♦❢ ❙❡❝t✐♦♥ ✸✱ t❤❡r❡ ❛r❡
♥♦✇ s❡✈❡r❛❧ ❝♦♠♣❧✐❝❛t✐♦♥s✱ ❜✉t ♦♥❧② ❞✉❡ t♦ t❤❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ❖✉t(T )✳
■♥❞❡❡❞✱ ✐❢ ❖✉t(T ) ✐s ❡①❛❝t✱ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♥❣ ■♥(T ) ♦♥❧② ❝❛✉s❡s ❛❞❞✐t✐♦♥❛❧
✉s❡❧❡ss ❧♦❛❞s ❜✉t ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ❡①❡❝✉t✐♦♥ ♦❢ t❤❡ ❦❡r♥❡❧✳ ❚❤❡ ♣r♦❝❡❞✉r❡ ♦❢
❙❡❝t✐♦♥ ✸ ❝❛♥ t❤❡♥ ❜❡ ❛♣♣❧✐❡❞ ❛t ♥♦ r✐s❦✱ ✇✐t❤ ■♥(T ) ✐♥st❡❛❞ ♦❢ ■♥(T )✳ ❆❧s♦✱ ♦✈❡r✲
❛♣♣r♦①✐♠❛t✐♥❣ ▲♦❛❞(T ) ✐ts❡❧❢ ✐s s❛❢❡ ❛s ❧♦♥❣ ❛s ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶ ✐s
❣✉❛r❛♥t❡❡❞✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ♦♥❡ s❤♦✉❧❞ ♥♦t ❧♦❛❞ ❛ ✈❛❧✉❡ t❤❛t ❤❛s ❛❧r❡❛❞② ❜❡❡♥
✇r✐tt❡♥ ✐♥ t❤❡ t✐❧❡ str✐♣✱ ♦t❤❡r✇✐s❡ t❤✐s ❧♦❛❞ ✇✐❧❧ ♦✈❡r✇r✐t❡ ❛ ✈❛❧✐❞ ✈❛❧✉❡✳
❚❤❡♦r❡♠ ✸ ✭❱❛❧✐❞ ❛♣♣r♦①✐♠❛t❡❞ ▲♦❛❞✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ t 7→ ▲♦❛❞(t) ✐s ✈❛❧✐❞✱
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡ts ■♥✱ ❖✉t✱ ❛♥❞ ❖✉t✱ ✐✛✿
✭✐✮ ■♥(T ) \❖✉t(t < T ) ⊆ ▲♦❛❞(t ≤ T ) ❢♦r ❛♥② t✐❧❡ T ✳
✭✐✐✮ ❖✉t(t < T ) ∩ ▲♦❛❞(T ) = ∅ ❢♦r ❛♥② t✐❧❡ T ✳
Pr♦♦❢✳ ■t ✐s s✉✣❝✐❡♥t t♦ ♣r♦✈❡ t❤❛t t❤❡s❡ ❝♦♥❞✐t✐♦♥s ✐♠♣❧② t❤❡ ❝♦rr❡❝t♥❡ss ❝♦♥❞✐✲
t✐♦♥s ❣✐✈❡♥ ❜② ❉❡✜♥✐t✐♦♥ ✶✳ ▲❡t ✉s ✜rst ❝❤❡❝❦ t❤❛t ❈♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶
❤♦❧❞s✳ ❚❤✐s ✐s ❝❧❡❛r ❜❡❝❛✉s❡ ■♥(T ) \ ❖✉t(t < T ) ⊆ ■♥(T ) \ ❖✉t(t < T )✱ t❤✉s ✐♥
▲♦❛❞(t ≤ T )✳ ❙✐♠✐❧❛r❧②✱ s✐♥❝❡ ❖✉t(T ) ⊆ ❖✉t(T )✱ ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶
✐s ✈❡r✐✜❡❞✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ ❈♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ ❚❤❡♦r❡♠ ✸ ✐s ♥♦t s❛t✐s✜❡❞✱ s♦♠❡ ❞❛t❛
❡❧❡♠❡♥t t❤❛t ♠❛② ❜❡ ♥❡❡❞❡❞ ✐♥ t✐❧❡ T ✐s ♥♦t ❧♦❛❞❡❞ ♦♥ t✐♠❡✳ ❆❧s♦✱ ✐❢ ❈♦♥❞✐✲
t✐♦♥ ✭✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✸ ✐s ♥♦t s❛t✐s✜❡❞✱ s♦♠❡ ❞❛t❛ ❡❧❡♠❡♥t ✐s ❧♦❛❞❡❞ t❤❛t ♠❛②
♦✈❡r✇r✐t❡ ❛ ✈❛❧✐❞ ✈❛❧✉❡✳ ■♥ ❜♦t❤ ❝❛s❡s✱ t❤❡ r❡s✉❧t✐♥❣ ❝♦❞❡ ♠❛② ❜❡ ✐♥❝♦rr❡❝t✳
❚❤❡♦r❡♠ ✸ ❣❡♥❡r❛❧✐③❡s ❉❡✜♥✐t✐♦♥ ✶✳ ❈♦♥❞✐t✐♦♥ ✭✐✮ ♠❡❛♥s t❤❛t ❛❧❧ ❞❛t❛ r❡❛❞
❜② T ✱ ❡①❝❡♣t t❤♦s❡ ♣r❡✈✐♦✉s❧② ✇r✐tt❡♥ ❢♦r s✉r❡✱ ❛r❡ ❧♦❛❞❡❞ ❜❡❢♦r❡ T ♦r ❡❛r❧✐❡r✳
❚❤❡ ❢❛❝t t❤❛t ■♥(T ) ✐s ❛♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ❝❛♥ ❝❛✉s❡ ✉s❡❧❡ss ❞❛t❛ t♦ ❜❡ r❡❛❞✱
❜✉t t❤❛♥❦s t♦ ❈♦♥❞✐t✐♦♥ ✭✐✐✮✱ t❤♦s❡ t❤❛t ♠❛② ❜❡ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ❝❛♥♥♦t ❜❡
♦✈❡r✲✇r✐tt❡♥✳ ❚❤❡② ♠✉st ❜❡ ❧♦❛❞❡❞ ❡❛r❧✐❡r ✭s❡❡ ❋✐❣✉r❡ ✻✮✳ ❘❡❞✉♥❞❛♥t ❧♦❛❞s ❝❛♥
❜❡ ❛✈♦✐❞❡❞ ✐❢ t❤❡ ❝♦♥❞✐t✐♦♥ ▲♦❛❞(T ) ∩ ▲♦❛❞(T ′) = ∅ ✐s s❛t✐s✜❡❞ ❢♦r ❛❧❧ T 6= T ′✳
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✷✵
TT−1T−2






❋✐❣✉r❡ ✻✿ ❱❛❧✐❞ ❛♣♣r♦①✐♠❛t❡❞ ❧♦❛❞s ❢♦r ❛ ✷❉ ❡①❛♠♣❧❡✳
❚❤✐s s♦❧✉t✐♦♥ ✐s ❢✉❧❧② st❛t✐❝✳ ❖♥❡ ❝♦✉❧❞ ❛❧s♦ ✉s❡ t❤❡ s❛♠❡ s❝❤❡♠❡ ❛s ✐♥ ❙❡❝✲
t✐♦♥ ✸✱ ✇✐t❤ ❖✉t(T ) ✐♥st❡❛❞ ♦❢ ❖✉t(T )✱ ❛♥❞ r❡❧② ♦♥ ❛ ❞②♥❛♠✐❝ t❡st t♦ ❣✉❛r❛♥t❡❡
❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✶✳ ❍♦✇❡✈❡r✱ t❤✐s ✇♦✉❧❞ r❡q✉✐r❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❜✐t
♠❡♠♦r② t♦ ♠❛r❦✱ ❛t r✉♥✲t✐♠❡✱ t❤❡ ❞❛t❛ t❤❛t ❛r❡ ✐♥❞❡❡❞ ✇r✐tt❡♥✳ ■❢ ❛ ❧♦❛❞ ✐s
♣❡r❢♦r♠❡❞ ❜❡❢♦r❡ t❤❡ ♠❡♠♦r② ❜✐t ✐s s❡t✱ t❤❡ ❧♦❛❞ ✇♦✉❧❞ ♦❝❝✉r ✇✐t❤♦✉t ❛❧t❡r✐♥❣
t❤❡ ❝♦rr❡❝t♥❡ss✳ ■❢ t❤❡ ❧♦❛❞ ✐s ♣❡r❢♦r♠❡❞ ❛❢t❡r✱ t❤❡ ❜✐t ✇✐❧❧ ♣r❡✈❡♥t t❤❡ ❞❛t❛ t♦
❜❡ ♦✈❡r✇r✐tt❡♥✳ ❚❤❡ ♣r♦❜❧❡♠ ✐s ✇❤❡♥ t❤❡ ❧♦❛❞ ✐s ♣❡r❢♦r♠❡❞ ✐♥ ♣❛r❛❧❧❡❧ ✇✐t❤ ❛
♣♦ss✐❜❧❡ ✇r✐t❡✳ ❯♥❧❡ss ❛♥ ♦♣❡r❛t✐♦♥ ❝❛♥ ❣✉❛r❛♥t❡❡ ❛♥ ❛t♦♠✐❝ ❛❝❝❡ss t♦ ❜♦t❤ t❤❡
❜✐t ❛♥❞ t❤❡ ♠❡♠♦r② ❝❡❧❧✱ t❤✐s ♦✈❡r❧❛♣ ❜❡t✇❡❡♥ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❝♦♠♣✉t❛t✐♦♥
♠❛② ❧❡❛❞ t♦ ✐♥❝♦rr❡❝t ❝♦❞❡✳ ❋✉rt❤❡r♠♦r❡✱ ❛❧t❤♦✉❣❤ s✉❝❤ ❛ ❞②♥❛♠✐❝ t❡st ❝❛♥
❛❧❧♦✇ t♦ ❧♦❛❞ ❛s ❧❛t❡ ❛s ♣♦ss✐❜❧❡✱ t❤❡r❡❢♦r❡ t♦ r❡❞✉❝❡ ❧✐❢❡t✐♠❡ ❛t r✉♥✲t✐♠❡✱ t❤✐s
✇✐❧❧ ♥♦t ❤❡❧♣ r❡❞✉❝✐♥❣ t❤❡ s✐③❡ ♦❢ t❤❡ ❧♦❝❛❧ ♠❡♠♦r② ✐❢ ❛ st❛t✐❝ ♠❡♠♦r② ♠❛♣✲
♣✐♥❣ ✐s ✉s❡❞✱ ❛s ✇❡ ❞♦ ✇✐t❤ ❧❛tt✐❝❡✲❜❛s❡❞ ♠❡♠♦r② ❛❧❧♦❝❛t✐♦♥ ❬✶✷✱ ✶❪✳ ■♥❞❡❡❞✱ t❤❡
♠❡♠♦r② ❧♦❝❛t✐♦♥ st✐❧❧ ♥❡❡❞s t♦ ❜❡ r❡s❡r✈❡❞ ❢r♦♠ t❤❡ ✜rst t✐♠❡ ✇❤❡r❡ ✐t ♠❛② ❜❡
✇r✐tt❡♥✳ ❚❤✐s ✐s ✇❤② ✇❡ ♣r❡❢❡rr❡❞ ❛ ❢✉❧❧② st❛t✐❝ s❝❤❡♠❡✳
◆♦✇✱ ❝♦♥s✐❞❡r t❤❡ ❙t♦r❡ ♦♣❡r❛t♦r✳ ❉❡❛❧✐♥❣ ✇✐t❤ ❛♣♣r♦①✐♠❛t✐♦♥ s❡❡♠s ♠♦r❡
tr✐❝❦② ❛t ✜rst ❣❧❛♥❝❡✳ ■♥❞❡❡❞✱ ✐❢ ❙t♦r❡(T ) ✐s ♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞✱ ❡①tr❛ ❞❛t❛ ♠❛②
❜❡ st♦r❡❞ t♦ t❤❡ ❉❉❘✱ ❝❛✉s✐♥❣ ✉s❡❢✉❧ ❞❛t❛ ✐♥ t❤❡ ❉❉❘ t♦ ❜❡ ❝r✉s❤❡❞✳ ❈♦♥✈❡rs❡❧②✱
✐❢ ❙t♦r❡(T ) ✐s ✉♥❞❡r✲❛♣♣r♦①✐♠❛t❡❞✱ ✇❡ ♠❛② ❢♦r❣❡t t♦ st♦r❡ ✉s❡❢✉❧ ♦✉t♣✉ts ❞❡✜♥❡❞
❜② t❤❡ t✐❧❡ str✐♣✳ ❇♦t❤ ❛♣♣r♦①✐♠❛t✐♦♥s ♠❛② ❝❛✉s❡ ❛♥ ✐♥❝♦rr❡❝t ❡①❡❝✉t✐♦♥✳ ❆❣❛✐♥✱
❛ ❞②♥❛♠✐❝ s♦❧✉t✐♦♥ ✐s ♣♦ss✐❜❧❡ t❤❛t ✇♦✉❧❞ ♣r❡✈❡♥t✱ ❛t r✉♥✲t✐♠❡✱ t♦ st♦r❡ ❛ ❞❛t❛
♥♦t ❞❡✜♥❡❞ ✐♥ t❤❡ t✐❧❡ str✐♣✳ ❇✉t ✇❡ ❝❛♥ ❛❧s♦ ❞❡s✐❣♥ ❛ ❢✉❧❧②✲st❛t✐❝ s♦❧✉t✐♦♥ ❛s
❢♦❧❧♦✇s✳ ❆♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ❙t♦r❡ ♦♣❡r❛t♦r ❝❛♥ ❜❡ ❝♦rr❡❝t ✐❢ t❤❡ ❡①tr❛
❞❛t❛ t♦ ❜❡ st♦r❡❞ ❛r❡ ❡①❛❝t❧② t❤♦s❡ ❛❧r❡❛❞② ♣r❡s❡♥t ✐♥ t❤❡ ❉❉❘✱ ❛s ✐❧❧✉str❛t❡❞
✐♥ ❋✐❣✉r❡ ✼✳ ❚❤✐s ♠❡❝❤❛♥✐s♠ ❦❡❡♣s t❤❡ ♣r♦❣r❛♠ s❡♠❛♥t✐❝s✳
❚❤❡♦r❡♠ ✹ ✭❱❛❧✐❞ ❛♣♣r♦①✐♠❛t❡❞ ❙t♦r❡✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ t 7→ ❙t♦r❡(t) ✐s ✈❛❧✐❞✱
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡ts ■♥✱ ❖✉t✱ ❛♥❞ ❖✉t✱ ✐✛ ✭✇✐t❤ Tmax ❧❛st t✐❧❡ ♦❢ t❤❡ str✐♣✮✿
✭✐✮ ❖✉t(t ≤ Tmax) ⊆ ❙t♦r❡(t ≤ Tmax)✳
✭✐✐✮ ❙t♦r❡(T ) ∩❖✉t(t > T ) = ∅ ❢♦r ❛♥② t✐❧❡ T ✳
✭✐✐✐✮ ❙t♦r❡(T ) \❖✉t(t ≤ T ) ⊆ ▲♦❛❞(t ≤ T ) ❢♦r ❛♥② t✐❧❡ T ✳
Pr♦♦❢✳ ❚❤❡ ✜rst t✇♦ ❝♦♥❞✐t✐♦♥s s❤♦✇ t❤❛t ❙t♦r❡(T ) ✐s ❛♥ ♦✈❡r✲❛♣♣r♦①✐♠❛t✐♦♥
t❤❛t ✈❡r✐✜❡s ❈♦♥❞✐t✐♦♥s ✭✐✮ ❛♥❞ ✭✐✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✷ ✭✈❛❧✐❞ ❙t♦r❡✮✱ ❜❡❝❛✉s❡ ♦❢
t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❖✉t(t) ⊆ ❖✉t(t) ❢♦r ❡❛❝❤ t✐❧❡ t✳ ❈♦♥❞✐t✐♦♥ ✭✐✐✐✮ ❡♥s✉r❡s t❤❡
❝♦rr❡❝t♥❡ss ♦❢ ❙t♦r❡✿ ❛♥② ❞❛t❛ st♦r❡❞ ❢r♦♠ t❤❡ ❧♦❝❛❧ ♠❡♠♦r② t♦ t❤❡ ❉❉❘ ❛♥❞
♥♦t ❦♥♦✇♥ t♦ ❜❡ ♣r❡✈✐♦✉s❧② ❞❡✜♥❡❞ ✐♥ t❤❡ t✐❧❡ str✐♣ ✭T ✐♥❝❧✉❞❡❞✮ ✐s ❧♦❛❞❡❞ ❡❛r❧✐❡r
❢r♦♠ t❤❡ ❉❉❘✳ ❚❤✐s ✇❛②✱ t❤❡ ❉❉❘ ✐s ❛❧✇❛②s ✇r✐tt❡♥ ❜② ❛ ❝♦rr❡❝t ✈❛❧✉❡✳
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✷✶
TT−1T−2






❋✐❣✉r❡ ✼✿ ❱❛❧✐❞ ❛♣♣r♦①✐♠❛t❡❞ st♦r❡s ❢♦r ❛ ✷❉ ❡①❛♠♣❧❡✳
✹✳✷ ❆♣♣r♦①✐♠❛t❡❞ ❢♦r♠✉❧❛t✐♦♥ ✇✐t❤ r❡❞✉❝❡❞ ❧✐❢❡t✐♠❡s
❲❡ ♥♦✇ ❡①❤✐❜✐t ▲♦❛❞ ❛♥❞ ❙t♦r❡ ♦♣❡r❛t♦rs ✈❡r✐❢②✐♥❣ t❤❡s❡ ❝♦♥❞✐t✐♦♥s✳ ❆ ♥❛✐✈❡
s♦❧✉t✐♦♥ ✐s t♦ ❧♦❛❞✱ ❜❡❢♦r❡ t❤❡ ✜rst t✐❧❡✱ ❛❧❧ ❞❛t❛ ♣♦t❡♥t✐❛❧❧② r❡❛❞ ✐♥ t❤❡ t✐❧❡ str✐♣✱
✐✳❡✳✱ ▲♦❛❞(Tmin) = ■♥(t ≤ Tmax) ❛♥❞ ▲♦❛❞(t > Tmin) = ∅✱ ❛♥❞ t♦ st♦r❡✱ ❛❢t❡r
t❤❡ ❧❛st t✐❧❡✱ ❛❧❧ ❞❛t❛ ♣♦t❡♥t✐❛❧❧② ✇r✐tt❡♥ ✐♥ t❤❡ t✐❧❡ str✐♣✱ ✐✳❡✳✱ ❙t♦r❡(Tmax) =
❖✉t(t ≤ Tmax) ❛♥❞ ❙t♦r❡(t < Tmax) = ∅✳ ❆❝❝♦r❞✐♥❣ t♦ ❚❤❡♦r❡♠s ✸ ❛♥❞ ✹✱ t❤✐s
s❝❤❡♠❡ ✐s ✈❛❧✐❞ ✐❢ ❖✉t(t ≤ Tmax) ⊆ ▲♦❛❞(Tmin) ∪ ❖✉t(t ≤ Tmax)✱ ✇❤✐❝❤ ♠❡❛♥s
t❤❛t ✇❡ s❤♦✉❧❞ ❛❧s♦ ♣r❡✲❧♦❛❞ ❛❧❧ ❞❛t❛ t❤❛t ❝❛♥♥♦t ❜❡ ♣r♦✈❡❞ t♦ ❜❡ ❞❡✜♥❡❞ ✐♥ t❤❡
t✐❧❡ str✐♣✱ ✐✳❡✳✱ ▲♦❛❞(Tmin) = ■♥(t ≤ Tmax) ∪
(
❖✉t(t ≤ Tmax) \❖✉t(t ≤ Tmax)
)
✳
❚❤✐s s♦❧✉t✐♦♥ ✐s ♦❜✈✐♦✉s❧② ♥♦t s✉✐t❛❜❧❡ t♦ r❡❞✉❝❡ ❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ♦✈❡r❧❛♣ t❤❡♠
✇✐t❤ ❝♦♠♣✉t❛t✐♦♥s✱ ❛♥❞ r❡❞✉❝❡ t❤❡ s✐③❡ ♦❢ t❤❡ ❧♦❝❛❧ ♠❡♠♦r②✳
❋✐rst ♥♦t❡ t❤❛t ❛ ❞❛t❛ ✐♥ ❙t♦r❡(T ) ❜❡❤❛✈❡s ❡①❛❝t❧② ❛s ❛ r❡❛❞ t❤❛t ♦❝❝✉rs ❥✉st
❛❢t❡r t✐❧❡ T ✳ ❇♦t❤ r❡q✉✐r❡ t♦ ❜❡ ❧♦❛❞❡❞ ✐♥ ❛ s✐♠✐❧❛r ✇❛②✱ ❛s s❤♦✇♥ ❜② ❈♦♥❞✐t✐♦♥ ✭✐✮
♦❢ ❚❤❡♦r❡♠ ✸ ❛♥❞ ❈♦♥❞✐t✐♦♥ ✭✐✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✹✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✇❡ ❝❛♥ ❞❡✜♥❡
❙t♦r❡(T ) ❡①❛❝t❧② ❛s ❢♦r t❤❡ ❡①❛❝t ❝❛s❡✱ ❜✉t ✇✐t❤ ❖✉t(T ) ✐♥st❡❛❞ ♦❢ ❖✉t(T )✳ ❚❤❡
▲♦❛❞ ♦♣❡r❛t♦r ✇✐❧❧ t❤❡♥ t❛❦❡ ❝❛r❡ ♦❢ ♣r❡✲❧♦❛❞✐♥❣ ❛❧❧ t❤❡ ♥❡❝❡ss❛r② ❞❛t❛✳ ❋♦r t❤❛t✱
▲♦❛❞(T ) ✇✐❧❧ ❜❡ ❞❡✜♥❡❞✱ ♥♦t ❢r♦♠ ■♥(T )✱ ❜✉t ❢r♦♠ ■♥(T )∪ (❙t♦r❡(T ) \❖✉t(T ))✳
❚❤❡♦r❡♠ ✺✳ ❚❤❡ ❢✉♥❝t✐♦♥ T 7→ ❙t♦r❡(T ) ❞❡✜♥❡❞ ❜②
❙t♦r❡(T ) = ❖✉t(T ) \❖✉t(t > T ) ❢♦r ❛♥② t✐❧❡ T
✐s ❛♥ ❡①❛❝t st♦r❡ ♦♣❡r❛t♦r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡ts ❖✉t(T )✱ ♣r♦✈✐❞❡❞ t❤❛t t❤❡ ❧♦❛❞
♦♣❡r❛t♦r ✐s ✈❛❧✐❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡ts ■♥
′
(T ) = ■♥(T ) ∪ (❙t♦r❡(T ) \❖✉t(T ))✳
Pr♦♦❢✳ ❆❣❛✐♥✱ ❜② ❝♦♥str✉❝t✐♦♥✱ ✐t ✐s ❝❧❡❛r t❤❛t ❙t♦r❡(T ) ∩ ❖✉t(t > T ) = ∅✱
❙t♦r❡(T ) ∩ ❙t♦r❡(T ′) = ∅ ❢♦r T 6= T ′✱ ❛♥❞ ❙t♦r❡(t ≤ Tmax) = ❖✉t(t ≤ Tmax)✳
❚❤✐s ♠❡❛♥s t❤❛t ♦♥❧② t❤❡ ❞❛t❛ t❤❛t ♠❛② ❜❡ ❞❡✜♥❡❞ ❛r❡ st♦r❡❞✱ t❤❛t t❤❡r❡ ❛r❡
♥♦ r❡❞✉♥❞❛♥t st♦r❡s✱ ❛♥❞ t❤❛t t❤❡s❡ st♦r❡s ❛r❡ ❞♦♥❡ ❛s s♦♦♥ ❛s ♣♦ss✐❜❧❡✱ ✐✳❡✳✱
❥✉st ❛❢t❡r t❤❡ ❧❛st t✐❧❡ t❤❛t ♣♦ss✐❜❧② ❞❡✜♥❡s s✉❝❤ ❞❛t❛✳ ❆s ❢♦r ❈♦♥❞✐t✐♦♥ ✭✐✐✐✮
♦❢ ❚❤❡♦r❡♠ ✹✱ ✐t ✐s ❣✉❛r❛♥t❡❡❞ ✐❢ t❤❡ ▲♦❛❞ ♦♣❡r❛t♦r ✐s ✈❛❧✐❞ ✇✐t❤ r❡s♣❡❝t t♦
t❤❡ s❡ts ■♥
′
(T ) = ■♥(T ) ∪ (❙t♦r❡(T ) \ ❖✉t(T ))✳ ❈♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ ❚❤❡♦r❡♠ ✸
❡♥s✉r❡s t❤❛t ■♥
′
(T ) \ ❖✉t(t < T ) ⊆ ▲♦❛❞(t ≤ T ) ❛♥❞ t❤✉s✱ ❛s ■♥
′
(T ) ❝♦♥t❛✐♥s
❙t♦r❡(T ) \❖✉t(T )✱ ✐t ❡♥s✉r❡s ❙t♦r❡(T ) \❖✉t(t ≤ T ) ⊆ ▲♦❛❞(t ≤ T )✳ ◆♦t❡ t❤❛t
✇❡ ❛❞❞❡❞ ❙t♦r❡(T ) \❖✉t(T ) t♦ ■♥
′
(T ) ✐♥st❡❛❞ ♦❢ ❙t♦r❡(T ) \❖✉t(t ≤ T ) ✭✇❤✐❝❤
✐s s♠❛❧❧❡r✮✳ ❚❤✐s ♠❛❦❡s ❡q✉❛t✐♦♥s s✐♠♣❧❡r ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ t❤❡ r❡s✉❧t✳
◆♦t❡ t❤❛t ❙t♦r❡(T ) ✐ts❡❧❢ ❝❛♥ ❡✈❡♥ ❜❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞ ✐❢ ♥❡❡❞❡❞✳ ❚❤❡ ▲♦❛❞
♦♣❡r❛t♦r ✇✐❧❧ t❤❡♥ ❤❛✈❡ t♦ t❛❦❡ ❝❛r❡ ♦❢ t❤❡s❡ ♣♦ss✐❜❧② ❛❞❞✐t✐♦♥❛❧ ✉s❡❧❡ss st♦r❡s✳
❚❤❡ tr✐❝❦② ♣❛rt ✐s ♥♦✇ t♦ ✜♥❞ ❛ ❢♦r♠✉❧❛ ❢♦r ▲♦❛❞(T ) ❛s✱ ✉♥❧✐❦❡ ❢♦r t❤❡ ❡①❛❝t ❝❛s❡✱
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✷✷
❛ ❞❛t❛ ❧♦❛❞❡❞ ❛t T ✐s ♥♦t ❛❧✇❛②s r❡❛❞ ✐♥ T ✳ ■t ♠❛② ❜❡ ♣r❡✲❧♦❛❞❡❞ ❛t T ❜❡❝❛✉s❡ ✐t









(t < T )∪❖✉t(t < T )) ❞♦❡s ♥♦t




(t < T )∪❖✉t(t < T ))✳
❚❤✐s ❣✐✈❡s ❛ ✈❛❧✐❞ s♦❧✉t✐♦♥✳ ❍♦✇❡✈❡r✱ s♦♠❡ ✉s❡❧❡ss ❞❛t❛ ❛r❡ ❧♦❛❞❡❞✱ ✐♥ ♣❛rt✐❝✉❧❛r
❛❧❧ ❞❛t❛ t❤❛t ❛r❡ ♣♦ss✐❜❧② ✇r✐tt❡♥✱ t❤❡♥ ✇r✐tt❡♥ ❢♦r s✉r❡✱ t❤❡♥ r❡❛❞✳ ❚❤♦s❡ ❞♦
♥♦t ♥❡❡❞ ❛ r❡♠♦t❡ ❛❝❝❡ss✳ ❚❤❡ r✐❣❤t ❢♦r♠✉❧❛ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿
❚❤❡♦r❡♠ ✻✳ ❚❤❡ ❢✉♥❝t✐♦♥ T 7→ ▲♦❛❞(T ) ❞❡✜♥❡❞✱ t♦❣❡t❤❡r ✇✐t❤ ❙t♦r❡(T )✱ ❜②
❼ ■♥
′
(T ) = ■♥(T ) ∪ (❙t♦r❡(T ) \❖✉t(T )) ✭❛❧❧ ❞❛t❛ t❤❛t ❛r❡ ✏r❡❛❞✑✮✳
❼ ❘❛(T ) = ■♥
′
(T ) \❖✉t(t < T ) ✭❛❧❧ ❞❛t❛ t❤❛t ♥❡❡❞ ❛ r❡♠♦t❡ ❛❝❝❡ss✮✳










(t < T ) ∪❖✉t(t < T )
)
✳
❣✐✈❡ ✈❛❧✐❞ ♦♣❡r❛t♦rs t❤❛t ❛r❡ ✏❡①❛❝t✑ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡ts ■♥✱ ❖✉t✱ ❛♥❞ ❖✉t ✭♥♦
✉s❡❧❡ss ♦r r❡❞✉♥❞❛♥t tr❛♥s❢❡rs✮ ❛♥❞ t❤❛t r❡❞✉❝❡ t❤❡ ❧✐❢❡t✐♠❡s ✐♥ ❧♦❝❛❧ ♠❡♠♦r②✳
Pr♦♦❢✳ ❲❡ ✜rst ♣r♦✈❡ t❤❛t t❤❡ ▲♦❛❞ ♦♣❡r❛t♦r ✐s✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ s❡t ■♥
′
(T )✱
✈❛❧✐❞✱ ❡①❛❝t ✭✐✳❡✳✱ ❞♦❡s ♥♦t ❧♦❛❞ ✉s❡❧❡ss ❞❛t❛✮✱ ❛♥❞ ♣❡r❢♦r♠s ❧♦❛❞s ❛s ❧❛t❡ ❛s
♣♦ss✐❜❧❡✳ ❈♦♥❞✐t✐♦♥ ✭✐✐✮ ♦❢ ❚❤❡♦r❡♠ ✸ ✐s s❛t✐s✜❡❞ ❛s ❖✉t(t < T ) ✐s r❡♠♦✈❡❞ ❢r♦♠
▲♦❛❞(T )✳ ◆♦✇ ❝♦♥s✐❞❡r ❈♦♥❞✐t✐♦♥ ✭✐✮✳ ▲❡t x ∈ ❘❛(T ) = ■♥
′
(T ) \ ❖✉t(t < T )✳
▲❡t t0 ❜❡ t❤❡ s♠❛❧❧❡st t✐❧❡ ✐♥❞❡① s✉❝❤ t❤❛t x ∈ ■♥
′
(t0) ♦r x ∈ ❖✉t(t0)✳ ❇②
❞❡✜♥✐t✐♦♥✱ x /∈ ■♥
′
(t < t0) ❛♥❞ x /∈ ❖✉t(t < t0)✳ ❆❧s♦✱ s✐♥❝❡ x ∈ ■♥
′
(T )✱ t0 ≤ T
❛♥❞ x ∈ ❘❛(t′ > t0)✳ ❚❤✉s x ∈ ▲♦❛❞(t0) ❛♥❞✱ ✜♥❛❧❧②✱ x ∈ ▲♦❛❞(t ≤ T )✳ ❚❤✐s
♣r♦✈❡s ❈♦♥❞✐t✐♦♥ ✭✐✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✸✱ ✐✳❡✳✱ ❛❧❧ ♥❡❡❞❡❞ ❞❛t❛ ❛r❡ ❧♦❛❞❡❞✳
❆❝t✉❛❧❧②✱ t❤✐s ❛❧s♦ ♣r♦✈❡s t❤❛t ❘❛(t ≤ T ) ⊆ ▲♦❛❞(t ≤ T ) ❛♥❞✱ ✐♥ ♣❛rt✐❝✉❧❛r✱
❘❛(t ≤ Tmax) ⊆ ▲♦❛❞(t ≤ Tmax)✳ ❈♦♥✈❡rs❡❧②✱ ❝♦♥s✐❞❡r x ∈ ▲♦❛❞(T )✳ ❊✐t❤❡r
x ∈ ❘❛(t > T )✱ ✐✳❡✳✱ t❤❡r❡ ❡①✐sts t s✉❝❤ t❤❛t x ∈ ■♥
′
(t)\❖✉t(t′ < t)✱ ♦r x ∈ ■♥(T )
❛♥❞✱ s✐♥❝❡ x /∈ ❖✉t(t < T )✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t x ∈ ■♥(T ) \ ❖✉t(t < T )✳ ❚❤✐s
♣r♦✈❡s t❤❛t ▲♦❛❞(t ≤ Tmax) = ❘❛(t ≤ Tmax)✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ❛❧❧ ♥❡❡❞❡❞ ❞❛t❛
❛r❡ ❧♦❛❞❡❞ ❛♥❞ ♦♥❧② t❤♦s❡✳ ❚❤❡ ▲♦❛❞ ♦♣❡r❛t♦r ❞❡✜♥❡❞ t❤✐s ✇❛② ✐s ❡①❛❝t ✇✐t❤
r❡s♣❡❝t t♦ t❤❡ s❡ts ■♥✱ ❖✉t✱ ❛♥❞ ❖✉t✳
■t r❡♠❛✐♥s t♦ ♣r♦✈❡ t❤❛t t❤❡r❡ ❛r❡ ♥♦ r❡❞✉♥❞❛♥t ❧♦❛❞s✳ ❇② ❞❡✜♥✐t✐♦♥ ▲♦❛❞(T )
✐s ❛ s✉❜s❡t ♦❢ (❖✉t(T ) ∪ ■♥
′
(T )) \ (■♥
′
(t < T ) ∪ ❖✉t(t < T ))✱ t❤✉s ❛ s✉❜s❡t ♦❢
(❖✉t(T )∪ ■♥
′
(T )) \ (■♥
′
(T ′)∪❖✉t(T ′)) ✐❢ T ′ < T ✳ ❙✐♥❝❡ ▲♦❛❞(T ′) ✐s ❛ s✉❜s❡t ♦❢
■♥
′
(T ′) ∪ ❖✉t(T ′)✱ ▲♦❛❞(T ) ∩ ▲♦❛❞(T ′) = ∅✳ ❋✐♥❛❧❧②✱ ♥♦t❡ t❤❛t ❧♦❛❞s ❛r❡ ❞♦♥❡
❛s ❧❛t❡ ❛s ♣♦ss✐❜❧❡✳ ■♥❞❡❡❞✱ ✐❢ x ✐s ❧♦❛❞❡❞ ❛t T ✱ ❡✐t❤❡r x ✐s ♣♦ss✐❜❧② r❡❛❞ ✐♥ T
✭x ∈ ■♥
′
(T )✮ ♦r x ✐s ♣♦ss✐❜❧② ✇r✐tt❡♥ ✭x ∈ ❖✉t(T )✳ ■t ❝❛♥♥♦t ❜❡ ❧♦❛❞❡❞ ❧❛t❡r✳
■❢ t❤❡ ❙t♦r❡ ♦♣❡r❛t♦r ✐s ❡①❛❝t✱ ✐✳❡✳✱ ❙t♦r❡(T ) = ❖✉t(T ) \ ❖✉t(t > T )✱ t❤❡♥✱
✐♥ t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✻ t❤❛t ❞❡✜♥❡s ▲♦❛❞(T )✱ ♦♥❡ ❝❛♥ s✐♠♣❧② s✉❜tr❛❝t
■♥(t < T ) ∪ ❖✉t(t < T ) ✐♥st❡❛❞ ♦❢ ■♥
′
(t < T ) ∪ ❖✉t(t < T )✳ ❚❤✐s ❧❡❛❞s t♦ t❤❡
s❛♠❡ r❡s✉❧t s✐♥❝❡ ❙t♦r❡(t < T ) ⊆ ❖✉t(t < T )✳ ❲❡ ♣r❡❢❡rr❡❞ t♦ ❣✐✈❡ t❤❡ ❣❡♥❡r❛❧
❡q✉❛t✐♦♥ t♦ ❛❧s♦ ❝♦✈❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❙t♦r❡ ♦♣❡r❛t♦r ✐s ♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞✳
❚❤✐s ♠❛② ❣❡♥❡r❛t❡ ❡①tr❛ ❧♦❛❞s t❤❛t ❛r❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t ✇❤❡♥ ❞❡✜♥✐♥❣ t❤❡
▲♦❛❞ ♦♣❡r❛t♦r✳ ❚❤❡♥✱ ▲♦❛❞(T ) ❝❛♥ ❜❡ ♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞ t♦♦✱ ❜✉t ❖✉t(t < T )
♠✉st ❜❡ r❡♠♦✈❡❞ ❢r♦♠ t❤✐s ♦✈❡r✲❛♣♣r♦①✐♠❛t❡❞ ▲♦❛❞(T ) t♦ s❛t✐s❢② ❈♦♥❞✐t✐♦♥ ✭✐✐✮
♦❢ ❚❤❡♦r❡♠ ✸✳ ❚❤✉s✱ ✐❢ ❞❡s✐r❡❞✱ ✇❡ ❝❛♥ r❡str✐❝t t♦ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ s❡ts ■♥(T )
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✷✸
✭❛♥❞ ❡✈❡♥ t❤❡ s❡ts ■♥
′
(T ) ❛♥❞ ❘❛(T )✮✱ t❤❡ s❡ts ❖✉t(T )✱ ❖✉t(T )✱ ❛♥❞ ❙t♦r❡(T )
❛r❡ ♣♦❧②❤❡❞r❛✳ ❍♦✇❡✈❡r✱ ▲♦❛❞(T ) ♠❛② ❜❡ ❛ ❞✐✛❡r❡♥❝❡ ♦❢ t✇♦ ♣♦❧②❤❡❞r❛✳
❆❧❧ t❤❡s❡ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ❣✐✈❡ ♦♣♣♦rt✉♥✐t✐❡s ❢♦r ❤❛♥❞❧✐♥❣ ❝❛s❡s ✇❤❡r❡ ♣r♦✲
❣r❛♠ ❛♥❛❧②s✐s ❝❛♥♥♦t ❜❡ ♣❡r❢♦r♠❡❞ ❡①❛❝t❧② ♦r ✇❤❡♥ ❛♣♣r♦①✐♠❛t✐♥❣ ▲♦❛❞ ❛♥❞
❙t♦r❡ s❡ts ❛❧❧♦✇s ❛ ❜❡tt❡r ♣❛❝❦✐♥❣ ♦❢ ❞❛t❛ t♦ ❜❡ tr❛♥s❢❡rr❡❞✳ ❆❜str❛❝t ✐♥t❡r♣r❡t❛✲
t✐♦♥ ♠❛② ❜❡ ✉s❡❢✉❧ t♦ ❝♦♠♣✉t❡ t❤❡ s❡ts ■♥✱ ❖✉t✱ ❛♥❞ ❖✉t✱ ❛s ✐♥ ❬✶✶❪✳ ❚❤❡♦r❡♠ ✻
❣✐✈❡s ❛ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ s❡ts ❙t♦r❡(T ) ❛♥❞ ▲♦❛❞(T ) t❤r♦✉❣❤ s❡t ♦♣❡r❛t✐♦♥s✳
❊✈❡♥ ✐❢ t❤❡ ❡q✉❛t✐♦♥s ❧♦♦❦ ❝♦♠♣❧✐❝❛t❡❞✱ ❛ t♦♦❧ s✉❝❤ ❛s t❤❡ ❖♠❡❣❛ ❝❛❧❝✉❧❛t♦r
❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♠♣✉t❡ t❤❡♠✳ ■♥❞❡❡❞✱ ❛❧❧ ❡q✉❛t✐♦♥s ✐♥✈♦❧✈❡ ♦♥❧② ♣❛r❛♠❡tr✐❝
✉♥✐♦♥s s✉❝❤ ❛s ❖✉t(t < T ) ✇❤✐❝❤ ❛♠♦✉♥ts t♦ ❛❞❞ ❡q✉❛t✐♦♥s s✉❝❤ ❛s t < T ✱ ❛♥❞
✐♥t❡rs❡❝t✐♦♥s ❛♥❞ ❞✐✛❡r❡♥❝❡s ♦❢ s❡ts✳ ❲❡ ♥♦✇ ❣✐✈❡✱ ❛s ✇❡ ❞✐❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸ ❢♦r
t❤❡ ❡①❛❝t ❝❛s❡✱ ❛ ❞✐r❡❝t s♦❧✉t✐♦♥ ❜❛s❡❞ ♦♥ ♣❛r❛♠❡tr✐❝ ✐♥t❡❣❡r ♣r♦❣r❛♠♠✐♥❣✳
✹✳✸ ❯s✐♥❣ P■P t♦ ❝♦♠♣✉t❡ ❛♣♣r♦①✐♠❛t❡❞ ❧♦❛❞s ❛♥❞ st♦r❡s
❋♦r ❛ ♠❡♠♦r② ❝❡❧❧ ~m✱ ✇❡ ❞❡✜♥❡✿
❼ ▲❛st❚✐❧❡❲r✐t❡▼❛②❜❡(~m) t❤❡ ❧❛st t✐❧❡ T t❤❛t ♠❛② ✇r✐t❡ ~m ✭~m ∈ ❖✉t(T )✮✳
❼ ❋✐rst❚✐❧❡❘❡❛❞(~m) t❤❡ ✜rst t✐❧❡ T t❤❛t ♠❛② r❡❛❞ ~m ✭~m ∈ ■♥(T )✮✳
❼ ❋✐rst❚✐❧❡❲r✐t❡❙✉r❡(~m) t❤❡ ✜rst t✐❧❡ T t❤❛t ✇r✐t❡ ~m ❢♦r s✉r❡ ✭~m ∈ ❖✉t(T )✮✳
❼ ❋✐rst❚✐❧❡❲r✐t❡▼❛②❜❡(~m) t❤❡ ✜rst t✐❧❡ T t❤❛t ♠❛② ✇r✐t❡ ~m ✭~m ∈ ❖✉t(T )✮✳
❼ ❋✐rst❚✐❧❡❘❡❛❞❇❡❢♦r❡❲r✐t❡❙✉r❡(~m) t❤❡ ✜rst t✐❧❡ T t❤❛t ❛❝❝❡ss❡s ~m✱ ✐❢ ~m ✐s
✏r❡❛❞✑ ✐♥ t❤❡ t✐❧❡ str✐♣ ❜❡❢♦r❡ ❜❡✐♥❣ ✇r✐tt❡♥ ❢♦r s✉r❡✳ ❚❤✉s✱ ~m ∈ ■♥(T ) ♦r
~m ∈ ❖✉t(T )✳ ❆s ❡①♣❧❛✐♥❡❞ ❜❡❢♦r❡✱ ❛ st♦r❡ ♦❢ ~m ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ✏r❡❛❞✑✳
❆ ❞❛t❛ ~m ✐s ✏r❡❛❞✑ ❜❡❢♦r❡ ❜❡✐♥❣ ✇r✐tt❡♥ ❢♦r s✉r❡ ✐♥ t✇♦ ❝❛s❡s✿
❼ t❤❡r❡ ❡①✐sts t s✉❝❤ t❤❛t ~m ∈ ■♥(t) \❖✉t(t′ < t)✳
❼ t❤❡r❡ ❡①✐sts t s✉❝❤ t❤❛t ~m ∈ ❙t♦r❡(t) \❖✉t(t′ ≤ t)✳
❆s ❛ ❞❛t❛ ~m ✐s st♦r❡❞ ❛❢t❡r t❤❡ ❧❛st t✐❧❡ t❤❛t ♠❛② ✇r✐t❡s ✐t✱ t❤❡ s❡❝♦♥❞ ❝❛s❡ ♦❝✲
❝✉rs ♦♥❧② ✐❢ ~m ✐s ♥❡✈❡r ✇r✐tt❡♥ ❢♦r s✉r❡✱ ✐✳❡✳✱ ~m /∈ ❖✉t(t) ❢♦r ❛❧❧ t✳ ❚❤❡r❡❢♦r❡✱ ✇❡
❝❛♥ ❝♦♠♣✉t❡ ❋✐rst❚✐❧❡❘❡❛❞❇❡❢♦r❡❲r✐t❡❙✉r❡(~m) ❛❧♠♦st ❛s ❋✐rst❚✐❧❡❆❝❝❡ss(~m) =
min(❋✐rst❚✐❧❡❘❡❛❞(~m),❋✐rst❚✐❧❡❲r✐t❡❙✉r❡(~m),❋✐rst❚✐❧❡❲r✐t❡▼❛②❜❡(~m))✳ ❋♦r
t❤❛t✱ ✇❡ ✉s❡ t✇♦ s♣❡❝✐❛❧ s②♠❜♦❧s ⊥✱ ✇❤✐❝❤✱ ❛s ❜❡❢♦r❡✱ ♠❡❛♥s ✏✉♥❞❡✜♥❡❞✑ ❛♥❞ ✐s
❧❛r❣❡r t❤❛♥ ❛♥② ♦t❤❡r ✈❛❧✉❡✱ ❛♥❞ ⊤✱ ✇❤✐❝❤ ✐s s♠❛❧❧❡r t❤❛♥ ❛♥② ♦t❤❡r ✈❛❧✉❡✳
✶✳ ❈♦♠♣✉t❡Q1(~m) = min(❋✐rst❚✐❧❡❘❡❛❞(~m),❋✐rst❚✐❧❡❲r✐t❡❙✉r❡(~m))✳ ❲❤❡♥
❝♦♠❜✐♥✐♥❣ t❤❡ ◗❯❆❙❚s✱ ✐❢ ❋✐rst❚✐❧❡❲r✐t❡❙✉r❡(~m) < ❋✐rst❚✐❧❡❘❡❛❞(~m)✱
✇❡ r❡♣❧❛❝❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧❡❛❢ ❜② t❤❡ s②♠❜♦❧ ⊤✳
✷✳ ❈♦♠♣✉t❡ Q2(~m) = min(Q1(~m),❋✐rst❚✐❧❡❲r✐t❡▼❛②❜❡(~m))✳
❚❤❡♥✱ ❋✐rst❚✐❧❡❘❡❛❞❇❡❢♦r❡❲r✐t❡❙✉r❡(~m) ✐s ♦❜t❛✐♥❡❞ ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ⊤ ❜② ⊥✿
❼ ✐❢ Q1(~m) = ⊥✱ ~m /∈ ■♥(t) ❛♥❞ ~m /∈ ❖✉t(t)✱ ❢♦r ❛❧❧ t✳ ❚❤❡♥ Q2(~m) 6= ⊥ ✐❢
❛♥❞ ♦♥❧② ✐❢ ~m ∈ ❖✉t(t) ❢♦r s♦♠❡ t✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ✇❤❡r❡ ~m ✐s ♥♦t r❡❛❞
✐♥ t❤❡ t✐❧❡ str✐♣ ❛♥❞ ✐s ♣♦ss✐❜❧② ✇r✐tt❡♥ ✭t❤✉s st♦r❡❞✮✱ ❜✉t ♥❡✈❡r ❢♦r s✉r❡✳
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✷✹
❼ ✐❢ Q1(~m) /∈ {⊥,⊤}✱ ~m ✐s ❛❝❝❡ss❡❞ ❛s ❛ r❡❛❞ ❛♥❞ ♥♦t ✇r✐tt❡♥ ❢♦r s✉r❡ ❜❡❢♦r❡✳
■t ♠❛② ❜❡ ✇r✐tt❡♥ ❡❛r❧✐❡r✱ ❜✉t ♥♦t ❢♦r s✉r❡✳ ■♥ ❛♥② ❝❛s❡✱ Q2(~m) /∈ {⊥,⊤}✳
❼ ✐❢ Q1(~m) = ⊤✱ ~m ✐s ✇r✐tt❡♥ ❢♦r s✉r❡ ❜❡❢♦r❡ ❛♥② ♣♦ss✐❜❧❡ r❡❛❞ ♦r st♦r❡✳
❚❤❡♥✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ⊤✱ Q2(~m) = ⊤✱ ✇❤✐❝❤ ✐s t❤❡♥ r❡♣❧❛❝❡❞ ❜② ⊥✳
❚❤✐s ♣r♦✈❡s t❤❛t ❋✐rst❚✐❧❡❘❡❛❞❇❡❢♦r❡❲r✐t❡❙✉r❡(~m) ✐s ❝♦rr❡❝t❧② ❝♦♠♣✉t❡❞✳ ❆s
❢♦r t❤❡ ❡①❛❝t ❝❛s❡✱ ✇❡ ❝❛♥ ♥♦✇ r❡❢♦r♠✉❧❛t❡ ❚❤❡♦r❡♠ ✻ ❛s ❢♦❧❧♦✇s✿
❚❤❡♦r❡♠ ✼✳ ❚❤❡ ♦♣❡r❛t♦rs ♦❢ ❚❤❡♦r❡♠ ✻ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s✿
▲♦❛❞(T ) = {~m | ❋✐rst❚✐❧❡❘❡❛❞❇❡❢♦r❡❲r✐t❡❙✉r❡(~m) = T}
❙t♦r❡(T ) = {~m | ▲❛st❚✐❧❡❲r✐t❡▼❛②❜❡(~m) = T}
Pr♦♦❢✳ ❋♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠ ✻✱ ❙t♦r❡(T ) ❝♦♥t❛✐♥s ❛❧❧ ❞❛t❛ ♣♦ss✐❜❧② ✇r✐tt❡♥ ✐♥ T ✱
❡①❝❡♣t t❤♦s❡ ♣♦ss✐❜❧② ✇r✐tt❡♥ ❧❛t❡r✱ t❤✉s ❛❧❧ ❞❛t❛ ~m ✇❤♦s❡ ❧❛st ♣♦ss✐❜❧❡ ✇r✐t❡ ✐s
✐♥ T ✱ ✐✳❡✳✱ s✉❝❤ t❤❛t ▲❛st❚✐❧❡❲r✐t❡▼❛②❜❡(~m) = T ✳
❆s ❢♦r t❤❡ ▲♦❛❞ ♦♣❡r❛t♦r✱ ✐t ✐s ❞❡✜♥❡❞ ❢r♦♠ t❤❡ s❡ts ■♥
′
(t)✳ ❆s s❤♦✇♥ ✐♥ t❤❡
♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✱ ❛ ❞❛t❛ x ✐s ❧♦❛❞❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ x ∈ ■♥
′
(t) \ ❖✉t(t′ < T )
❢♦r s♦♠❡ t✐❧❡ ✐♥❞❡① t✳ ■♥ ♦t❤❡r ✇♦r❞s✱ ✐t ❝♦rr❡s♣♦♥❞s t♦ ❛ ✏r❡❛❞✑ t❤❛t ✐s ♥❡✈❡r
✇r✐tt❡♥ ❜❡❢♦r❡ ❢♦r s✉r❡✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❧♦❛❞❡❞ ✐♥ ▲♦❛❞(t0) ✇❤❡r❡ t0 ✐s t❤❡
s♠❛❧❧❡st t✐❧❡ ✐♥❞❡① s✉❝❤ t❤❛t x ∈ ❖✉t(t0) ♦r x ∈ ■♥
′
(t0)✱ ✐✳❡✳✱ t❤❡ ✜rst t✐❧❡ t❤❛t
❛❝❝❡ss❡s ✐t✱ ❛s ❞❡✜♥❡❞ ❜② ❋✐rst❚✐❧❡❘❡❛❞❇❡❢♦r❡❲r✐t❡❙✉r❡(~m)✳
❆s ❢♦r t❤❡ ❡①❛❝t ❝❛s❡✱ t❤❡ s❛♠❡ ❝♦♠♣✉t❛t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❛t t❤❡ ❣r❛♥✲
✉❧❛r✐t② ♦❢ ♦♣❡r❛t✐♦♥ ❜② ❝♦♠♣✉t✐♥❣✿
❼ ❈♦♠♣✉t❡Q1(~m) = min≪(❋✐rst❖♣❘❡❛❞(~m),❋✐rst❖♣❲r✐t❡❙✉r❡(~m))✳ ❲❤❡♥
❝♦♠❜✐♥✐♥❣ t❤❡ ◗❯❆❙❚s✱ ✐❢ ❋✐rst❖♣❲r✐t❡❙✉r❡(~m) ≪6= ❋✐rst❖♣❘❡❛❞(~m)✱
r❡♣❧❛❝❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧❡❛❢ ❜② ⊤✳
❼ ❈♦♠♣✉t❡ Q2(~m) = min≪(Q1(~m),❋✐rst❖♣❲r✐t❡▼❛②❜❡(~m))✳
❼ ❘❡♣❧❛❝❡ ❛❧❧ ⊤ ❜② ⊥ t♦ ❣❡t ❋✐rst❖♣❘❡❛❞❇❡❢♦r❡❲r✐t❡❙✉r❡(~m)✳
❼ ❉❡✜♥❡ ❋✐rst❚✐❧❡❘❡❛❞❇❡❢♦r❡❲r✐t❡❙✉r❡(~m) ❜② ✐♥❝♦r♣♦r❛t✐♥❣ t✐❧❡ ✐♥❡q✉❛❧✐✲
t✐❡s ❞❡r✐✈❡❞ ❢r♦♠ ~I = ⌊θ(~i)⌋✱ ❛s ❡①♣❧❛✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✸✳✸✳
❼ ❋♦❧❧♦✇✐♥❣ ❚❤❡♦r❡♠ ✻✱ ✐♥✈❡rs❡ t❤❡ ◗❯❆❙❚ t♦ ❣❡t ▲♦❛❞(T ) ❛s ❡①♣❧❛✐♥❡❞ ✐♥
❙❡❝t✐♦♥ ✷✳✷✳✷✳
❆❧t❤♦✉❣❤ ✐t ✉s❡s ❡①❛❝t ✐♥t❡❣❡r ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣✱ t❤✐s t❡❝❤♥✐q✉❡ ✐s ❛ ✇❛②
t♦ ❣♦ ❜❡②♦♥❞ t❤❡ ♣♦❧②t♦♣❡ ♠♦❞❡❧✱ t❤❛♥❦s t♦ ❛♣♣r♦①✐♠❛t✐♦♥✳ ■♥❞❡❡❞✱ ❛s ❢♦r ❢✉③③②
❞❛t❛✲✢♦✇ ❛♥❛❧②s✐s ❬✶✵❪✱ ❝♦❞❡s ✇❤♦s❡ ❛❝❝❡ss ❢✉♥❝t✐♦♥s ❝❛♥♥♦t ❜❡ ❢✉❧❧② ❛♥❛❧②③❡❞
♦r ❝♦❞❡s ✇❤♦s❡ ✐t❡r❛t✐♦♥ ❞♦♠❛✐♥s ❛r❡ ✉♥❝❡rt❛✐♥ ✭❢♦r ❡①❛♠♣❧❡✱ ❛ ❞❛t❛✲❞❡♣❡♥❞❡♥t
❝♦♥❞✐t✐♦♥ s✉rr♦✉♥❞✐♥❣ ❛ st❛t❡♠❡♥t✮ ❝❛♥ st✐❧❧ ❜❡ ❝❛♣t✉r❡❞✳
❙♦ ❢❛r✱ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r❡❞ ♦♥❡ t②♣❡ ♦❢ ♣❛r❛❧❧❡❧✐s♠✱ ❛s ❡①♣r❡ss❡❞ ✐♥ ❋✐❣✉r❡ ✷✱
r❡s✉❧t✐♥❣ ❢r♦♠ t❤❡ ♣✐♣❡❧✐♥✐♥❣ ♦❢ s✉❝❝❡ss✐✈❡ t✐❧❡s✱ ❡①❡❝✉t❡❞ s❡q✉❡♥t✐❛❧❧②✳ ❚❤❡ ♥❡①t
st❡♣ ✇✐❧❧ ❜❡ t♦ ❣❡♥❡r❛❧✐③❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ♦❢ t❤❡ ▲♦❛❞ ❛♥❞ ❙t♦r❡ ♦♣❡r❛t♦rs ❢♦r
t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ s✐t✉❛t✐♦♥ ♦❢ ♣❛r❛❧❧❡❧ ❦❡r♥❡❧s✱ ❝♦♠♠✉♥✐❝❛t✐♥❣ ✇✐t❤ ❛♥ ❡①t❡r♥❛❧
❉❉❘ ♠❡♠♦r② ❛♥❞✱ ♣♦ss✐❜❧②✱ ✇✐t❤ ❞❛t❛ r❡✉s❡ ❜❡t✇❡❡♥ t❤❡♠✳
❘❘ ♥➦ ✼✻✾✼
❑❡r♥❡❧ ❖✤♦❛❞✐♥❣ ✇✐t❤ ❖♣t✐♠✐③❡❞ ❘❡♠♦t❡ ❆❝❝❡ss❡s ✷✺
❘❡❢❡r❡♥❝❡s
❬✶❪ ❈❤r✐st♦♣❤❡ ❆❧✐❛s✱ ❋❛❜r✐❝❡ ❇❛r❛②✱ ❛♥❞ ❆❧❛✐♥ ❉❛rt❡✳ ❇❡❡✰❈❧❅❦✿ ❆♥ ✐♠♣❧❡✲
♠❡♥t❛t✐♦♥ ♦❢ ❧❛tt✐❝❡✲❜❛s❡❞ ❛rr❛② ❝♦♥tr❛❝t✐♦♥ ✐♥ t❤❡ s♦✉r❝❡✲t♦✲s♦✉r❝❡ tr❛♥s❧❛✲
t♦r ❘♦s❡✳ ■♥ ❆❈▼ ❙■●P▲❆◆✴❙■●❇❊❉ ❈♦♥❢❡r❡♥❝❡ ♦♥ ▲❛♥❣✉❛❣❡s✱ ❈♦♠♣✐❧✲
❡rs✱ ❛♥❞ ❚♦♦❧s ❢♦r ❊♠❜❡❞❞❡❞ ❙②st❡♠s ✭▲❈❚❊❙✬✵✼✮✱ ❙❛♥ ❉✐❡❣♦✱ ❯❙❆✱ ❏✉♥❡
✷✵✵✼✳
❬✷❪ ❈❤r✐st♦♣❤❡ ❆❧✐❛s✱ ❆❧❛✐♥ ❉❛rt❡✱ ❛♥❞ ❆❧❡①❛♥❞r✉ P❧❡s❝♦✳ ❖♣t✐♠✐③✐♥❣ ❉❉❘✲
❙❉❘❆▼ ❝♦♠♠✉♥✐❝❛t✐♦♥s ❛t ❈✲❧❡✈❡❧ ❢♦r ❛✉t♦♠❛t✐❝❛❧❧②✲❣❡♥❡r❛t❡❞ ❤❛r❞✇❛r❡
❛❝❝❡❧❡r❛t♦rs✳ ❆♥ ❡①♣❡r✐❡♥❝❡ ✇✐t❤ t❤❡ ❆❧t❡r❛ ❈✷❍ ❍▲❙ t♦♦❧✳ ■♥ ✷✶st ■❊❊❊ ■♥✲
t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ ❆♣♣❧✐❝❛t✐♦♥✲s♣❡❝✐✜❝ ❙②st❡♠s✱ ❆r❝❤✐t❡❝t✉r❡s✱ ❛♥❞
Pr♦❝❡ss♦rs ✭❆❙❆P✬✶✵✮✳ ■❊❊❊ ❈♦♠♣✉t❡r ❙♦❝✐❡t②✱ ❏✉❧② ✷✵✶✵✳
❬✸❪ ❈❤r✐st♦♣❤❡ ❆❧✐❛s✱ ❆❧❛✐♥ ❉❛rt❡✱ ❛♥❞ ❆❧❡①❛♥❞r✉ P❧❡s❝♦✳ Pr♦❣r❛♠ ❛♥❛❧②✲
s✐s ❛♥❞ s♦✉r❝❡✲❧❡✈❡❧ ❝♦♠♠✉♥✐❝❛t✐♦♥ ♦♣t✐♠✐③❛t✐♦♥s ❢♦r ❤✐❣❤✲❧❡✈❡❧ s②♥t❤❡s✐s✳
❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ✼✻✹✽✱ ■♥r✐❛✱ ❏✉♥❡ ✷✵✶✶✳
❬✹❪ ❯❞❛② ❇♦♥❞❤✉❣✉❧❛✱ ❆❧❜❡rt ❍❛rt♦♥♦✱ ❏✳ ❘❛♠❛♥✉❥❛♠✱ ❛♥❞ P✳ ❙❛❞❛②❛♣♣❛♥✳ ❆
♣r❛❝t✐❝❛❧ ❛✉t♦♠❛t✐❝ ♣♦❧②❤❡❞r❛❧ ♣❛r❛❧❧❡❧✐③❡r ❛♥❞ ❧♦❝❛❧✐t② ♦♣t✐♠✐③❡r✳ ■♥ ❆❈▼
■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥ Pr♦❣r❛♠♠✐♥❣ ▲❛♥❣✉❛❣❡s ❉❡s✐❣♥ ❛♥❞ ■♠♣❧❡✲
♠❡♥t❛t✐♦♥ ✭P▲❉■✬✵✽✮✱ ♣❛❣❡s ✶✵✶✕✶✶✸✱ ❚✉❝s♦♥✱ ❆r✐③♦♥❛✱ ❏✉♥❡ ✷✵✵✽✳
❬✺❪ P✐❡rr❡ ❇♦✉❧❡t ❛♥❞ P❛✉❧ ❋❡❛✉tr✐❡r✳ ❙❝❛♥♥✐♥❣ ♣♦❧②❤❡❞r❛ ✇✐t❤♦✉t ❉♦✲❧♦♦♣s✳ ■♥
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